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THE  EQUATIONS  OF  INTERIOR  BALLISTICS 


Chapter  I 


Thermodynamic  Found  at ions 

In  establishing  the  thex.r-ac’yr.ar.tie  foundations  of  interior 
ballistics  v;e  begin  for  simplicity  by  asv.ir.ing  for  the  powder  gas  t.n 
equation  of  state  of  the  co-volume  type,.  Such  an  equation  is  a  van 
der  V.'aals  equation  containing  the  ,,b"  term  but  not  the  "a"  teem. 

Possible  modification  of  the  equation  of  state  and  the  effect  on  the 
equations  of  interior  ballistics  will  -be  mentioned  later.  For  a  gas 
obeying  such  an  equation  of  state  the  specific  internal  energy  depends 
only,  on  the  temperature  and  not  on;  the  density.  Even  if  such  an  equation 
holds  for  each  component  gas,  however,  it  can  hold  for  the  mixture  only 
if  all  chemical  reactions  that  occur  are  equivoluminar  and  if  gas 
imperfection  has  no  appreciable  effect  on  the  chemical  equilibrium 
constants.  This  statement  follows  from  the  facts  that  an  equilibrium 
constant  is  independent  of  density  only  if  the  latter  t>?6  assumptions 
hold  and  that  dependence:  of  equilibrium  constants  on  density  would  mean 
dependence  of  relative  concentrations  on  density  as  well  as  temperature, 
with  a  resulting  dependence  of  specific  internal  energy  on  density  as 
well  as  temperature i 


The  assumption  of  the  co-volume  type  of  equation  of  state  thus 
involves  a  restriction  of  the  theory  to  "cool”  powders,  for  with  "hot" 
powders  dissociations  and  other  non-equivoluminar  reactions  come  into 
play.  With  this  same  ruling  out  of  non-equivoluminar  reactions  and  of 
the  effect  of  gas  imperfection  on  equilibrium  constants  one  also  has  for 
each  powder  composition  a  definite  explosion  temperature  v;hich  is  in¬ 
dependent  of  the  density  of  loading.  Thus  the  decomposition  of  one  gram 
of  such  a  powder  always  liberates  the  same  amount  of  energy,  which  then 
warms  the  one  gram  of  powder  gas  to  the  same  temperature,  independently 
of  the  density  of  loading.  On  the  other  hand,  dependence  of  equilibrium 
constants  on  density  would  involve  a  dependence  on  the  density  of 


loading  of  relative  concentrations  and  thus  of  specific  heat  and  ex¬ 
plosion  temperature,. 


Earlier  treatments  of  interior  ballistics  involved  the 
assumption  that  the  specific  heat  of  the  powder  gas  is  independent  of 
temperature.  Modern  developments  in  quantum  physics  and  in  heat 
measurements  have  shown  that  such  an  assumption  is  untrue.  Dederick(l) 
pointed  out  that  the  internal  energy  of  the  powder  gas  at  temperature 
T  can  he  expressed  in  terms  of  an  average  of  the  specific  heat  over  the 
who,1  o  tc v->'i\ttirv  fro...  a>  ;,o3ule  noro  to  T.  Hy  restriction  of 

the  ‘theory,  however,  to  cool  powders  and  the  consequent  existence  of  a 
definite  explosion  temperature,  such  long  range  averages  may  be  avoided 
by  the  introduction  of  Kent’s  concept  of  the  potential  of  the  powder. 

We  proceed  next  to  develop  this  concept  and  #to  obtain  the  fundamental 
energy  equation  of  interior  ballistics. 


Let  Tq  be  the  explosion  temperature*  and  T  the  temperature  of 


the  main  body  of  the  gas;  the  gas  is  formed  at  temperature  Tq**  and  drops 
to  the  lower  temperature  T  because  of  work  done  on  and  heat  loss. to  the 
surroundings.  Let  u(T)  bo  the  specific  internal  energy***  of  the  gas  at 
tc;.*. atvt  »•  T  a:  i  u(,*’q)"“"  the  specific  internal  energy  at  te:.iperature  Tq. 

Then  i;i  C  is  the  original  mass  of  the  powder  and  G  the  fraction  burned 
at  time  t,  in  time  dt  mass  C  dG  of  gas  is  formed  at  temperature  Tq,  so  that 


the  gas  gains’  energy  C  dG  u(Tq)V  This  gain  is  expressible  as  the  sum  of 

a  term  d  CG  u(T)  ,  the  gain  in  internal  energy  of  the  main  body  of  gas, 
and  a  term  6W,  composed  of  work  done  in  imparting  translational  kinetic 
energy  to  the  projectile,  to  the  powder  and.  powder  gases,  and  to  the  gun,, 
in  overcoming  passive  resistance,  and  ift  stretching  the  gun*  and  of  heat 
loss  to  the  gun.  We  nave  thus: 


C  dG  u(T0)  =  d 


+  6W 


(1) 


Eq.  (1)  can  ho.td  strictly  only  if  all  gas  reactions  are  equivoluminar 
and  gas  imperfection  has  no  effect,  on  equilibrium  constants.  How,  since 
u(T0)  is  constant, 

C  dG  u(TQ)  -d  [cG  >u(T)j  =d  ^CG  u(TQ)  -  CG  u(T>  ’j  (2) 


(1)  L.S.  Dederick:  Certain  Considerations  in  the  Thermodynamics  of  Gases 
with  Applications  to  Interior  Ba-listics;  R-l-14,  May  17,  1928 i 
*The  adiabatic  closed  chamber  explosion  temperature  is  referred  to 
throughout . 

**See  Addendum  to  Chapter  I. 

***exclusive  of  the  macroscopic  kinetic  energy  of  flow. 
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Thus  dW  is  a  complete  differential  dW,  where  V/  represents  the  sum  of 
total  work  done  and  heat  loss  up  to  time  t.  Wo  have  therefore  from 
EqsL.  (1)  and  (2): 


CG  u(T0)  =  CG  u(T)  +  W  +  kr  (3) 

where  is  a  constant  of  integration.  Now  customarily  the  time  origin 
t  -  0  is  taken  as  the  beginning  of  motion,  but  'Eo.  (3)  holds  also  for 
negative  values  of  time  as  far  back  as  the  beginning  cf  burning,  at  • 
which  time  G  -  0  and  V?  =  0.  Thus  the  integration  constant  k-j  vanishes, 
so  that: 


CG  u(T0)  =  CG  u(T)  •:  W  (4) 

The  introduction  into  Eq.  (4)  of  a  short  range  average  specific  heat  c 
(Tq,T),  defined  by: 

c  (Tq,T)  S  ju(TQ)  -  u(T)j  /  (Tq  -  T)  (5) 

gives 

CGc  T0  -  CGc  T  +  V;  (6) 

We  nov;  introduce  some  definitions: 

Free  volume  fi:  gas  v*olumc  -  co- volume 

£!  appropriate  space  -  average  pressure  in  the 
equation  of  state*  We  assume  that  the  proper  space  -  average  pressure 
for  use  in  the  rate  of  burning  equation  is  equal  to  it. 

Rj  :  gas  constant  per  unit  mass  of  gas. 

Potential  q  5  c  TQ  (7) 

Y*  analogous  to  the  ratio  of  specific  heats  in  the  older 
theory t>  defined  by: 

5  c/R,  (8) 

The  equation  of  state  then  takes  the  form: 

L  pfi  =  CGR^T  (3) 

Eqs.  (6),  (7),  (8),  and  (9)  together  lead  to  the  fundamental  energy 
equation  of  interior  ballistics: 


€(>CG  =  pn/(Y-l)  +  W 


(10) 


Y  is  analogous  to  the  rat.i.o  of  specific  heats  in  the  older  theory,  C>  to 
the  specific  energy  of  the  powder-,  and  pH/Cy-l)  to  the  internal  energy 
appear! ng  in  that  theory.  The  .analogy,  however,  is  not  to  be  confused 
with  identity.  Thus  the  term  pH/Cy-l)  -  CGcT  -  CGT  gu(T)  -  u ( > ' 
internal  energy  referred  to  in  the  older  theory  was  CG  pu(T)  -  u(0):  . 

It  is  apparent  from  their  definitions  that  c j f *  ,  and  y  ar*e 
weakly  varying  functions  of  temperature.  We  consider  them  henceforth 
to  be  constant,  assuming  that  they  are  evaluated  for  some  mean  temper¬ 
ature  in  the*  rat  /■  o'  ter.;>e)  ::tnres  e-ctualJy  occring  in  the  gun.  In 
some  coefficients  that  appear  later  and  y-1  occur  together  as  the 
product  -'.(y--I)c,  which  is  seen  by  Eqs.  (7)  and  (8)  to  be  given  by: 

C-(Y-l)  =%T0  (11) 

The  quantity  RjTq  ,  which  we  shall  denote  by  X ,  is  sometimes  called'  the 
"force"  of  the  powder.  If  R  is  the  universal  gas  constant,  i.e*,  the 
gas  constant  per  gram  mole,  and  if  Z  is  the  number  of  gram  moles  per 
gram  of  gas,  then 

Rj  -  7.R,  (12) 

so  that  A  -  ZRT0  (i3) 

With  the  restriction  to  "cool"  'powders,  all  gas  reactions  that  occur  are 
equivoluninar  or*  speaking  more  strictly,  equimolar.  Since  displacement 
of  such  a.  reaction  will  rot  change  the  number  of  moles  per  gram*  Z  and 
thus  Rj  and  A  are  independent  of  temperature  and  of  density  of  loading 
for  such  "cool"  powders.  * 

The  quantities  Tq,  c,  and  X  may  fee  calculated  as  follows. 

Let  Qjl  be  the  heat  of  formation*  at  15°C  of  one  gram  of  the  solid  powder 
from  the  elements  and  Q^"  the  constant  volume  heat  of  formation  at  15°C 
of  one  gram  of  the  powder  gases.  Then  Q2  ~  Qi  is  the  energy  liberated1 
when  one  gram  of  the  solid  powder  at  15°C  decomposes*  Into  powder  gases^ 
at  15°C.  If  the  reaction  takes  place  adiabatically  rather  than  iso- 
thennally ,  then  this  available  energy  heats  the  powder  gases  to  the 
explosion  temperature  Tq.  In  this  final  state  there  will  be  a  definite 
number  of  moles  x,-  (Tq)  of  the  i  tn  gas.  Although  in  the  actual  process 
the  molal  concentrations  may  change  during  the  heating,  the  same  final 
state  will  be  reached  if  we  assume  the  solid  powder  to  decompose  directly 
into  the  final  molal  concentrations  present  at  temperature  Tq  :  this 
statement  follows  from  the  first  law  of  thermodynamics.  Thus  we 
interpret  Q2  -  as  the  energy  liberated  when  one  gram  of  the  solid 
powder  decomposes  .lute  powder  gases  at  15- C,  the  concentrations,  how¬ 
ever,  being  as  at  temperature  Tq. 


*  in  a  closed  chamber 
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If  we  now  denote  by  lh(T)  the  molal  internal  energy  of  gas  i  at  temper¬ 
ature  T  wo  have 

«S  “  «1  *  2>i<V  fui«0>  -  f1") 

where  the  summation  is  over  all  the  species  of  gases  present.  To  solve 
Eq*  (14)  for  Tp,  one  assumes  a  value  for  To>  calculates  the  equilibrium 
constant  for  each  reaction,  and  uses  the  equilibrium  equations  and 
equations  expressing  the  conservation  of  the  number  of  gram  atoms  of' 
each  element;  these  latter  numbers  arc  known  from  the  composition  of  the 
solid  powder.  There  are  then  as  many  equations  for  the  x.-j's  as  there 
are  unknowns;  these  equations  are  then  solved  and  the  solutions  inserted 
into  Eq;  (14)',  This  process  is  continued  until  Eq.  (14)  chocks.  In 
carrying  out  this  process  there  appears  as  a  by-product  a  table  of  values 
of  the  Xj,'s  as  functions  of  T,  and  thus  of  the  function  F(T),  where 

F(T)  =  \  iXi(T)  Ui(T)  -Ui(288)[  (15) 

Values  of  Uj,(T)  -  U^(286)  are  given  in  a  book  by  Lewis  and  von  Elbe.2 
Our  specific  internal  energies  (per  gram)  are.  now  expressible  as: 

U(T)  =  £iXi(t)  Ui(T)  (16) 

u(T0)  *  iXi(T0)  Ui(T0)  (17) 

Combination  of  Eqs.  (15),  (16),  and  (17)  gives: 

u(T)  -  u(T0)  =  F(T)  -  F(T0)  +  £  |U£(288)  [^(T)  -  x^Tq)]  (18) 

How  let  XjXT)  -  XjXTq)  =  (19) 

As  the  gram  of  powder  gas  drops  in  temperature  from  Tq  to  t  fhe 
equilibria  of  "the  chemical  reactions  get  displaced.  In  each  reaction 
gas  i  gets  a  certain  mole  increase,  positive  or  negative;  let  Ax^  (j)  be 
the  mole  increase  of  gas  i  in  the  jth  reaction  as  Tq*>T,  and  let  N'  be 
the  number  of  reactions  taken  into  account. 

Jj#* 

Then  Ax*  =  Axi(j)  (20) 

Then  from  Eqs.  (13),  (19),  and  (20): 

uCT)  -  u(T0)  =  F(T)  -  F(T0)  +^  Ui(288)-  Axi(  j)  (21) 

N« 


=  F(T)  -  F(T0)  +  /  /  Uj(288)  AxjXj) 

^Bernard  Lewis  and  Gunther  von  Elbe.; 

•  "Combustion,  Flames  and  Explosions  of  Gases",  Cambridge  (1938) 
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Now  the  quantity  -  >U£(208)  Ax^(j)  has  a  simple  interpretation, 

readily  Reducible  from  trie  first  law  of  thermodynamics.  It  is 
interpretable  as  the  heat  liberated  in  the  jth  reaction  taking  place  at 
.U>°C  and  at  constant  volume,  when  the  mole  shifts  are  the  same  as  those 
that  occur  in  the  jth  reaction  when  the  whole  powder  gas  drops  from 
equilibrium  at  Tq  to  equilibrium  at  T.  Now  the  constant  volume  heat  at 
15°  of  the  jth  reaction  can  be  calculated  from  the  constant  volume  heats 
of  formation  at  15°C,  and  the  mole  shifts  above  referred  to  are  known 
from  the  calculations  already  done  to  find  Tq.  Thus  the  second  term- in 
Eq.  (??)  can  be  calculated,  so  that  u(T)  -  uu‘q)  can  be  calculated: 

the  calculation  of  o(Tq,T)  and  of  .follows  at  once.  The  evaluation 
of  R,  -y  ,  and  X  fellows  as  soon  as  Z  has  been  obtained:-;  we  have  immedi¬ 
ately,  however, 


ixi(T())  * 


(23) 


so  that  all  quantities  so  far  introduced  can  now  be  evaluated. 


** 


Addendum,  to  Chapter1  I 


In.  deriving  the  fundamental  equation  (': )  it  w^s  ar  suKC-d  that 
gas  is  actually  forced  at  temper  ature  ?q  and  then  drops  to  the  trup-.r.'- 
ature  T  of  the  main  body  of  gas,  Jt  is  the  purpose  of  this  addendum  tc 
point  out  that  Kq»  (*’i )  holds  independently  of  such  an  as.n.\.ption.  It 
is  important  to  show  this  fact  because  on  certain  plausible  theories  cf 
burning  the  temperature  Tq  would1  not  exist  anywhere  within  the  gas f 

As  before  let  W  =  work  done  by  gas  c*n  surroundings  +  kinetic 
energy  of  gas  end  powder  +  heat  lost  by  gas  to  supr ouHings.  bet  u(T) 
be  the  specific  energy  of  the  prwdor  gar  at  tc;  i-iru'wn  V.  i ; (  0  )  tr.' 
specific  energy  of  the  powder  gas  at  Y  -  0,  and  us  the  specific  energy 
of  the  solid  powder,  all  referred  to  a  common  zero  level,  viz  the  ele¬ 
ments  at  0°  K  at  vanishingly  small  density.  Kef erred  to  this  zero  level, 
the  internal  energy  of  the  powder  gas  is  CG  u(T)  and  the  loss  of  interne! 
energy  of  the  solid  powder  when  mass  CdG  burns  is  CdG  us.  Then  by  the 
first  lav;  of  thermodynamics: 


d  ^CG  u  (T)'  -  CdG  us  +  5.  K  =  C 

Nov;  us  is  not  a  function  of  T,  so  that 

r  '\ 

d  .GG  Ug  -  CG  u  (T)  -  e  W 

l-  h 

Integration  gives: 


[».  «*  u  (T)  |  =  W  4  ky 


(22.1) 


123.2) 


(23,3) 


When  G  =  0,  W  =  0j  so  that  k-^  =0,  Thus  . 

CG  [ug  -  u  (T)J  -W  (23'yh) 

Nov;  us  depends  only  cri  the  chemical  composition  of  the  sol.id  powder  and 
on  its  temperature,  which  probably  differs  very  little  from  its  initial 
temperature  because  of  the  low  thermal  conductivity  of  solid  propellents. 
There  will  be  a  temperature  of  the  powder  gas,,  however,  at  which  the 
specific  energy  of  the  gas  v;i‘>I  hr  equal  to  us?  Inspection  of  Eo.  (23 *4) 
shows  that  this  temperature  is  ,  tUs  adiaba  tic  clo».v>:f2  chamber  explosion 
temperature;  this  statement  fellows  from  thl  facts  that  for  an  .adiabatic 
closed  chamber  \i  =  O' and  T  =  Tq. 


Ug  -  u  (T0?  Cxor  cool  powders). 


ms) 


GG  u  (Tq)  =  ;CG  u  <f)  t  W,  (4') 
this  being  the  equation  we  wished  to  rederlve. 


Chapter*  II 


The  heat  boss  Problem 


V'e  next  consider  the  evaluation  of  the  various  terms  of  which 
the  quantity  W  in  our  fundamental  energy  equation  (10)  is  composed.  The 
most  difficult  part  of  W  to  handle  in  any  rational  manner  is  the  loss  of 
heat  by  contact  of  the  hot  gases  with  the  walls  of  the  gun.  Unfortunate¬ 
ly  thin  h-  a1  tc--..s  is  an  important  one  in  small  arms* ,  where  it  may 

be  ecpu.l  io  in*,  kinetic  energy  acquired  by  the  projectile.  This  chapter 
is  devoted  to  outlining  the  main  features  of  a  possible  rational  attack 
on  the  prcbl’-D  and  a  s' element  of  the  empirical  procedure  that  we  shall 
actually  adopt . 

* 

flotation:  t,  time  from  beginning  of  motion 
time  at  which  burning  begins 
x,  distance  from  breech  to  an  arbitrary  cross-section 
L,  length  of  powder  chamber 

s}  travel  of  projectile  with  respect  to  the  gun 

# 

Djl,  diameter-  of  chamber 

Dg,  diameter  of  bore 

A1}  cross-sectional  area  of  chamber 

A2,  cross-sectional  area  of  bore 

T,  temperature  of" main  body  of  gas 

Tjj,  temperature  of  breech  face 

Tw(x,t)  temperature  of  via  11s  of  chamber  and  bore 

Tp,  temperature  of  base  of  projectile 

hjj,  coefficient  of  heat  transfer  from  hot  gas  to  breech  face 

hw,  coefficient  of  heattransfer  from  hot  gas  to  walls  of 
chamber  arid  box'e. 


*  There  is  seme  theoretical  indication  that  the  heat  less  may  be  im¬ 
portant  also  in  large  caliber  guns. 
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hp,  coefficient  of  heat  transfer  from  hot  gas  to  base  of  projectile 
Q(t),  total  heat  loss  at  time  t  by.  contact  of  gas  with  gun. 

The  total  loss  Q(t)  is  made  up  of  the  parts  Qg  to  the  breech, 

Qcv;  to  the  chamber  wall,  Q-1}W  to  the  bore  wall,  and  Qp  to  the  base  of  the 
projectile.  The  component  losses  arc  given  by: 
t 


(2*0 


hwdt  if  Dx  (T~Tv,)dx 


h  dt  D0  (T-T  )&s 

V;  A  v; 


(25) 


(26) 


hp  A2  (T-Tp)dt 


(27;) 


From  the  beginning  of  burning  at  time  -t^  to  the  beginning  of  motion  at 
t  =  0  there  is  no  motion  of  the  powder  gas  es  a.  whole,  so  that  the 
transfer  coefficients  in  this  interval  are  for  a  sort  of  ‘'free  con¬ 
vection”.  After  time  t  =  0  there  is  still  ho  motion  of  powder  gas  as 
a  whole  with  respect  to  the  breech  face  or  the  projectile  face,  so  that 
the  transfer  coefficients  hj,  and  hp  are  still  for  "free  convection" 0 
There  is  after  t  =  0,  however,  motion  of  the  gas  as  a  whole  .with  respect 
to  the  walls  of  chamber  and  bore,  so  we  speak  of  hw  as  a  transfer  coef¬ 
ficient  for*  "forced  convection1' . 


To  determine  hw  one  might  use  the  expressions  for  forced  con¬ 
vection  given  in  McAdams  3 ,  although  these  expressions  seem  to  be  tor 
values  of  the  Reynolds  number  somewhat  lower  than  those  that  occur  in 
a  gun.  All  such  expressions,  however,  give  zero  as  the-  answer  when  the 
velocity  is  zero,  and  it  is  hard  to  believe  that  the  heat  loss  with  the 
gas  at  rest  would  not  be  appreciable, 

%,  H.  McAdams  "Heat  Transmission",  McGraw-Hill  Book  Company,  (1933) 
Chapter  VII. 
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furthermore*,  the  "free  convection"  transfer  coefficients  that  occur  here 
are  for  situations  that  do  not  occur  in  ordinary  cases  of  free  convection, 
since  free  convection  in  a  gun  is  probably  associated  with  strong,  turbu¬ 
lence.  Then  a -.a  in  the  wall  temperatures  are  not  known.  Of  course  if  one 
knew  the  transfer  coefficients  one  might  calculate  the  wall  temperatures 
from  the  geometry,  thermal  conductivity,  and  specific  heat  of  the  gun  and 
the  transfer  coefficient  from  the  outside  of  the  gun  to  the  air.  Such 
a  calculation,  however,  would  have  to  bo  a  special  one  for  each  gun,  and 
would  apparently  not  be  applicable  to  a  general  treaJ  ,ient  of  interior 
ball  1st  ic,;. 


Furthermore,  even  if  one  could  evaluate  the  heat  loss  accurately 
as  a  function  of  t'uc,  the  resulting  coripl ication  of  the  equations  with 
the  addition  oi  many  extr«  parameters  might  make  it  inadvisable  to  use 
the  accurate  formula.  For  all  these  reasons  we  adopt  tentatively  the 
procedure  of  taking  Q  to  be  proportional  to  the  kinetic,  energy  of  the 
projectile.  Thus  if  m  is  the  mass  of  the  projectile  and  v  its  velocity 
with  respect  to  the  ground,  we  have: 


Q(t)  =  k  1/5  iav? 


(28) 


We  ev.  Ji.nu-  !-.  i>y  us5>.t  i .uncle  values  o'  3/?  *.  r  and  Q(t).  In  small  arms 
numb:  values  of  Q  &rc  best  kr.o‘:n  for  machine  guns,  for  which  one  can 
measui  e  the  tote. 2  heat  developed  in  a  large  number  of  rounds,  and  divide 
that  value  by,  the  number  of  rounds.  It  is  probably  better  to  take  heat 
loss  into  account  in  this  way  than  to  neglect  it  altogether,  as  has  been 
the  custom  up  to  the  present. 


In  the  place  of  any  better  treatment  we  may  regard  any  energy 
lost  in  stretching  the  gun  as  proportional  to  the  kinetic  energy  of  the 
.projectile.  Thus  in  Eq.  (28.)  we  regard  Q  as  the  sum  of  heat  loss  and 
stretch  loss,  and  k  as  a  constant  that  takes  both  into  account. 
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Chapter  III 


The  Mechanical  Prohlemt; 

in  this  chapter  v;e  consider  the  translation.-.  1  and  rote.l  ional 
motions  of  the  projectile  and  the  passive  resistance.  The  motion  of  the 
powder  and  powder  gases  and  the  recoil  of  the  gun  are  omitted  here, 
since  their  proper  consideration  requires  a  treatment  of  the  hydi o- 
dynamical  problems  (Chapter  IV). 


If  Hi  is  the  mass  of  the  projectile,  v  its  velocity  Kith 
respect  to  the.  ground,  pi(  the  pressure  required  to  produce  tlie  trans¬ 
lational  acceleration,  %rans  Ln-  translational  kinetic  energy  of  the 
projectile,  and  A^  the  cross-sectional  area  or  the  bore,  then 

pa  =  in  dv  ( 2&) 

.  Aj  dt 

Vans  8  -V2  mv2  (30) 


.  Jn  treating  rotational  motion 
constant  angle  of  rifling  <pr.  "ith  tone 
is  helical  in  form,  so  that  development 
plana  results  in  the  situation  depicted 


we  consider  only  the  case  of  a 
slant  rifling  v  lanl  cr  the  gun 
of  the  bore  of  the  gun  on  a 
in  Fig.  1. 


Fig.  1. 

Development  of  Bore  on  Plane 


For  the  point  P  on  the  rotating  band,  touching  one  of  the  lands, 


(31) 
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If  the  angular  cooixlinate  (in  cylindrical  coordinates)  of  the  point  P 
is  denoted  by  0,  and  lip  is  the  diameter  of  the  bore,  than 

yp  =  1/2  0D2  (32) 


From  Fqs.  (31)  and  (32),, 


o  =§2von!r>’ 

If  v  is  the  linear  velocity  of  the  projectile  and  to  its  angular 
velocity,  then 


dt 

co  = 

dt 

L’qs.  (33),  (34).,  and  (35)  give: 


(33) 


(34) 

(35) 


co=2  tan  "r  v 


(36) 


Letting  L'rol  denote  the  rotational  kinetic  energy  of  the 
^  its  radius  of  gyration,  we  have 

W  .  =  1/2  in  R2  co2 

rot 


g 

Eqs.  (33')’  ana  (37)  then  give: 

wrot  =  1/2  mv2fltan2c?  r 


projectile 

(37) 

(38) 


where  =  -(2Rg/D2)2,  (39) 

about  0.6  for  most  projectiles. 

How  let  prot  denote  the  pressure  required  to  produce  the 
rotation.  The  power  going  into  rotation  is 

dW  x 

A2Prot  v  =  rot  =  mv  -1  f 3  tan2-_r  (40) 

dt 


so  that  p  J  =  m  dv  x  4~,n2  (.41) 

r0t  X,  dt  "l13" 

We  next  derive  an  expression  for  the  energy  loss  due  to 
passive  resistance,  i.e.,  due  to  friction  between  the  rotating  band 
and  the.  bore  of  the  gun.  It  is  assumed  that  engraving  has  been  com¬ 
pleted  ;  We  call  the  part  of  the  rotating  band  between  two  of  the 
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» «  a-***-  *?■  rrw*- 1"' 


*t*r* 


grooves  a  "ridge"  of  the  band,  and  of  the  forces  exerted  by  the  bore  on 
the  projectile  take  into  account  only  those  forces  exerted  on  the  ridges 
by  the  driving  sides  of  the*  lands  of  the  bore.  V,'c  alto  assume  the  law 
of  friction  to  Isold  between  a  ridge  ml  the  contiguous  driving  .land. 

Thus  in  -Fig.  2,  of  the  pressures  indicated,  only  PR  is  taken  into  account 

RiDGE 
_ { 


•LANDS 


The  forces  acting  per  unit  area  on  the  side  face  of  the  ridge  are  P_, 
the  pressure  exerted  by  the  side  face  of  the  contiguous  driving  land, 
and  Yy  the  friction  force  per  unit  area.  We >now  introduce  the  unit 
vectors  2n  along  the  normal  to  the  ridge  in  the  general  direction  of 
rotation  and  lt  along  the  tangent  to  the  ridge  in  the  general  direction 
of  the  breech.  In  the  system  of  cylindrical  coordinates  1/2  bg,  6,  and 
ji  where  (I  is  positive*  in  tie  cirec-liT.  c.  re  a,,  I  '/■  ■  ■■  c.  nr*- 

frer.!  the  breech  along  the  axis  of  the*  bcec,  wo  introduce  the  unit  vector; 
1q  and  Ijj.  Then 

— >  • 

•PL  =  IP 
n  n  n 


“If  * 


-lz  sin  <f>  r  +  1Q 

=  Xz  003  fr  +  h 


sin^x 


The  components  of  total  force  per  unit  area  on  the  side  face  of  the 
ridge  are  then: 

z  component  =  r  <Pn  sin<£r  +  f  cos  <$>  v)  (43) 

G  component  =  PR  costpv  -  f  sin  <£>r  (44) 

Integration  or  Eq.  (43)  over  the  side  face  of  the  ridge  and  multipli¬ 
cation  by  II,  the  number  of  lands  or  of  ridges,  gives  the  total  forward 
force  on  the  pr-ojectile  due  to  the  bore.  Multiplication  of  Eq.  (44)  by 
1/2  D-^,  integration  over  the  side  face  of  the  ridge,  and  multiplication 
by  II  gives  the  total  torque  on  the  projectile.  On  the  assumption  that 
Pn  and  f  are  uniform  and  that  the  angle  of  rifling,  is  constant,  we  get:. 

Fz  =  "  M  ar  <pn  sin^r.+  f  cos^)  (45) 

Torque  =  1/2  1.7irD2  (PR  cos  <f>v-  f  sin  4*^  (4 6) 

where  AR  is  the  area  of  the  si'de  face  of  a  ridge. 
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The  law  of  friction  states  that  f  is  proportional  to  Pfi ,  so  that 

f  =  p  PM,  '•  Cl  7) 

where  pis  a  constant,  Eq.  (47)  may  or  may  not  hold  accurately  for  the 
friction  of  the  lands  against  the  ridges.  If  it  d,,JSS  hold,  however,  the 
coefficient  of  f riel  ion  )i  may  not  have  the  value  that  it  has  for  ordinary 
cases  of  the  friction  of  steel  and  copper.  Vie  may  now  express  N  AgPn  in 

terms  of  the  aecolc  tion  — -  as  follows.  Insert  Eq,  (47)  into  Ca.  (46), 

dt 

equ.i to  the  LOi^uc-  ti_.  R5'  ;lv.  and  ui.o  Eq.  (36) .  One  readily  obtains: 

g  dt 

1J  ArP„  «  Kfl  tan  .r.  flv  (48) 

cosT^~V  sin'  r  .  dt 


where  fj  is  given  by  Eq.  (39).  If  v/e  no w  let  Fg  denote  the  force  on  the 
base  of  the  projectile,  v/e  have  from  Eqs.  (45)  and  (47): 

F,  -  M  A  P  ( sin  :  +  11  cos';  )  =  in  SliL  (49) 

B  P.  n  r  v  dt 

Eqs.  (48)  and  (4a)  together  give: 


F  -  m  dv 


dt  il  + 


f-^  tar.  -*r  (tan  :‘-r  +  p)  ; 
1~  p~tan.;-  I 


Letting  Ppass  denote  the  passive  pressure  and  W  the  energy  expended 
in  overcoming  passive  resistance,  and  realizingPthat  Eq.  (50)  gives  the 
total  force  necessary  to  produce  translational  acceleration  and  rotational 
acceleration  and  to  overcome  passive  resistance,  v/e  have  from  Eq.  (50): 


prot  +  Ppa; 


rot  pass 


=  m 

A2 

dv 

dt 

f3  tan  c;r  (tan  +  p  ) 

1  -  p  tan'r  tan  Qv 

(51) 

=  1/2 

iav4 

f±  tan  (tan  *?r  i •  p  ) 

(52) 

I  -  p  tan  :>r 

Vie  ray  expect  to  have 

p  tanr  «  1  (53) 

With  the  approximation  (53),  comparison  of  Eq.  (51)  v/ith  Eq,  (41)  and  of 
Eq.  (5?)  v:ith  Eq,.  (38)  gives  the  equations: 

p  =  m  dv  i| :  ( 54 ) 

pa5s  A2  dt 


-*# >- 


XT  * 


1/2  I11V2  JJ1 


(55) 


where 


tan  c? . 


In  view  of  the  difficulty  of  obtaining  the  value  of  the 
coefficient  of  friction  under  the  actual  interior  ballistic  conditions 
and  possible  doubts  as  to  the  validity  of  the  law  of  friction,  v/e  shall 
hot  commit  ourselves  to  the  subsequent  use  of  Eq.  (56),  but  shall  treat 
as  a  quantity  to  be  determined  by  experiment  or  by  comparison  with 
firings . 

In  order  to  take  into  account  the  finer  details  of  a  tra¬ 
jectory  one  might  use  a  certain  constant  value  for  ji1  during  the  process 
of  engraving  and  a  smaller  constant  value  thereafter.  One  should  also 
mention  here  the  suggestion  that  has  been  made,  notably  by  Dedcrick1' ,  of 
using  a  constant  value  not  for  tf*  but  for  the  passive  pressure  itself, 
or  of  one  constant  passive  pressure  during  engraving  and  a  smaller  one 
thereafter.  Assumption  of  a  constant  passive  pressure 

p  =  p,  (57) 

*pass  1 1 

leads  to  the  expression 

^pass  =  Pi  s  > 

where  s  is  the  travel. 

The  pressure  pp  on  the  base  of  the  projectile  may  now  be 
expressed  with  the  aid  ofEqs.  (29)  and  (41)  and  Eq.  (54)  or  Eq.  (57) 


.Case  I--,  Passive  Pressure  proportional  to  Accelerating  Pressure: 

pp  =1?.  (1  +  y*  +  f,  tan2  q>  )  (59| 

p  A2  dt  1  r 

Case  II.  Constant  Passive  Pressure: 

pp  =  H  4^-  (1  *  fi  tan2  "jJ  +  pj  (60 

A2  d  t 


If  v/e  now  let  vy  denote  the  recoil  velocity  of  the  gun,  e 
the  ratio  vj/v ,  (which  will  be  shown  later  to  be  a  function  of  travel), 
and  u  the  velocity  of  the  projectile  with  respect  to  the  gun,  then 


v  =  u/(l+e) 

and-  pD  =  .......  EL _  ^H. 

p  A'jjd+e)  jdt 


u 

(1+e)''- 


( lip 1  +  f  tan  (?  )  (62) 

1  r 

(Case  I); 


^L.  S.  Dederick :  ’’Project  for  a  New  Table  for  Interior  Ballistics", 
R  I  3.7 


Chapter  IV 

The  Itydrodynaniica.l  Problems 

t 

1.  The  Equation  of  Continuity,  lie  adopt  the  following 
notation.  ~  — 


x,  distance  from  breech  face  to  a  variable  cross-section 
in  the  chamber  or  the  bore, 

X,  distance  from  breech  face  to  base  of  projectile. 
a(>:) ,  cross-sectional  area  at  distance  x  from  breech  face.  * 
w(x) }  total  volume  frovr  breech  fare  to  cross-section  at 
distance 

C,  mass  of  powder  charge, 
is,  mass  of  projectile, 
c  £  C/m 


p(t),  density  of  powder  and  powder  gas  mixture. 

Ug(x,t) ,  velocity  at  distance  x  from  breech  face  of  powder  gas 
with  respect  to  the  gun. 

v  (x,t),  velocity  at  distance  x  from  breech  face  of  powder  gas 
*  with  respect  to  the  ground. 


u,  velocity  of  the  projectile  with  respect  to  the  gun. 


•  v,  defined  in  Chapter  1. 


In  this  chapter  we  c.dopt  the  fundamental  hypothesis  of 
Ramsey’s5  theory  of  fluid  motion  in  the  gun.  These  are: 


(a)  the  density  of  the  mixture  of  powder  and  powder  gas 
i.s  uniform  although  variable  with  time; 

(b)  the  velocity,  of  flow  of  this  mixture  is  parallel  to 
the  axis  or  chamber  and  bore  and  uniform  over  a  cr-oss- 

>  section;. 


In  regard  to  hypothesis  (a)  we  refer  to  a  paper  by  Kent6, 
it.  which  he  shows  that  non-uniformity  of  density  can  have  only  a  small 
effect.  He  shows  that  non-uni f crafty  of  density  changes  the  ratio  of 
breech  pressure  to  projectile  base  pressure  only  by  the  fraction 
e2/2*iY;  for  a  -  1/3  and  y  ~  1.2,  this  figure  amounts  to  l/260v  His 
calculation  is  first  carried  out  on  the  assumptions  that  the  powder 
is  all  burned,  that  the  powder  gas  is  a  perfect  gas,  and  that  the 
expansion  process  is  adiabatic;  in  the  latter  part  of  the  paper,  how¬ 
ever,  he  points  out  that  the  result  is  independent  of  these 
assumptions . 


Hypothesis  (b)  is  a  natural  one  to  make  in  view  of  the 
turbulence  that  undoubtedly  exists  in  the  gun. 

5-!.F.  Ramsey.  Jr,..  Ballistic  Research  laboratory  Report  No.  3,  (with 
J.  R.  Lane)  January  25,  19350 

6R.  H.  Kent  r  Physics  7,  319(1936).  See  also  Love  and  Pidduck,  Phil. 
Trans.  Roy,  Soc.  222,  222  (1922) 
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It  has  long  been  known  that  tor  viscous  flew  in  a  tube  the  distribution 
of  velocity  over  a  cross-section  is  parabolic,  but  that  for  turbulent 
fie:.’  the  velocity  is  uni  for, a  over  most  of  a  cross-section ,  One  should 
realize,  however*  that  there  may  be  violent  statistical  fluctuations 
in  the  velocity,  due  to  trie  possible  existence  of  large  rather  than 
small  eddies. 

The  equation  of  continuity  follows  directly  from  the  con¬ 
servation  of  mass,  with  the  use  of  hypothesis  (a)  and  (&).  Thus  in  * 
tiw  dt  thvic  flows  into  a  slab  of  cross-secti oral  area  a(x)  and  thick¬ 
ness  c>:  the  ness  puj,(>:)u(x)dt  end  from  it  there  flows  the  mass 
pUg(x-tdx)a(Mdx)dt.  ’  The  net  gain  of  mass  in  time  dt  is  thus 
-p  '<)  (au.  jdxdt,  which  --xorcssicn  is  to  he  equated  to  the  product  of 

the  volume  of  the  slab  and  its  gain  of  tensity  in  time  dt,  viz. 

a(x)dx  dt.  Thus  we  get  the  equation  of  continuity: 
dt 

9  ,v  dp 

p  -_(,aU£.)  .  -Pgl 


(611) 


Dividing  Equation  (fa)  by  p,  integrating  with  respect  Lo  x  from  0  to  x, 
and  ii i Vr educing  the  definition: 


“iLlnp  £  ?  (t), 
dt 


(65) 


vjc  have: 


au, 


£  . 


(66) 


Introduction  of  the  boundary  condition  u t<(o,t)  =  0,  corresponding  to  the 
fact  that  the  gas  at  the  breech  face  has'no  forward  velocity  ,  and  use-  of 
the  fact  that 
x 


I  a (x)dx  =  u(x) 


(Sri) 


gives: 


a(x)u  (>:,t)  ~  TCtJwCx) 


(68) 


At  the  base  of  the  projectile  x  =  X,  and  Ug,( x , t )  =  u(t)v  so  that 

a(X)u(t)  =  T(t)w(X)  (69) 

Elimination  of  V(t)  between  Equations  (68)  and  (o9)  gives: 
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of- 


■7«v 


(70) 


vmc  *■  T'  r, 


u  (xs t)  5  iiCX2  «<2i)  U(:<v) 

g  *  afx)  »(X)  . 


a*6: )  «{ x  T , 

dX 

where  u(t)  ?  -j—  ,  the  velocity  of  the  projectile  with  respect  to  the 

gun.  Eq,  (70)  was  first  derived  in  a  different  manner  by  Roderick*! 

2 .  -Recoil  of  th e  Gur, . 

Recoil  of  the  gun  is  treated  in  this  chapter  because  its  • 
consideration  requires  the  use  of  Equation  (70).  vie-  must  now  n:kc  some 
assumption  about  the  shape  of  the  gun.  Actually  the  greater  part  of  the 
chamber  of  a  gun  is  of  essentially  constant  cross-section  and  the  bore 
is  of  strictly  constant  cross-sec  ticn5’;;’;  somewhat  smaller  then  that  of 
the  chamber.  The  two  are  ordinarily  joined  by  a  portion  of  a  cone., 

The  problem  of  pressure  distribution,  in  the  gun  would  be  complicated 
very  seriously  by  explicit  treatment  of  the  cone.  Wo  shall  therefore 
use  a  slightly  idealised  model  for  the  gun.  VJe  assume  a  constant  cross- 
scction  A 2  for  the  bore  equal  to  that  required  to  give  the  correct 
volume  to  the  bore/  when,  the  lands  are  taken  into  account,  and  a 


joining 

cone , 

h. 

to  be 

so 

»  a;(:  rrliC*;'' 

p.f’U 

•j  © 

ir.ing 

cone 

bar  plus 

joxii 

5ng 

co:sc" 

tp 

ssvmc  th 

.  u. 
t- 1 

c-n 

the  pi 

0- 

.lb  the  0 

n  d  c:~ 

th 

0  join 

ing 

co:ic,.  so  that  L  is  also  equal  to  the  distance  from  the  breech  Peer,  to 
the  base  of  the  seated  projectile.  We  -denote  the  travel  of  the  pro¬ 
jectile  by  s.  Then 


x  =  L  +  ,s 
<o(Xj  -  AqJj  +  A2S 

Abbreviating  the  ratio  A^/A^  to  a y  we  have  for 

x<L  :  — l^y  »  x 
a(x) 


x*L 


A.L  +  Ao(x-L) 

r  =  — _ — ? — -  =  x  *  (o  -  X;L 

a(x)  A0 


(71) 

(72) 


(73) 

(74) 


We  also  let  v  be  the  velocity  of  the  projectile  with  respect  tp  the 
ground,,  Vj.  the  velocity  of  the  gun  with  respect  to  the  ground-,  and 
y^/v  =  e,  the  recoil  ratio.  Then 

•u„Cx)  "  V„(x>  + 


g'  g; 

U  -  V  +  Vjl 


(75) 

(76) 


*B.R,L.  Report  No.  X01,  Jan.  4,  1933,  Addendum  to  Appendix  D. 

**We  are  thus  excluding  sapered-bore  guns  from  consideration  in  this  report 
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liquations  (70),  (72),  (75),  and  (76)  and  the  relation  a(X)  = 
now  give: 

A0  ' 

v  •':)  +  vx  ~  _  (v  v  )  wOO  „  ^ _ \l  ;m(x)  (77) 

A1L  +  a2s  1  a(x)  s  l-  ol,  a(x) 


Equations  (77),  (73),  and  (7*»)  now  give: 

/V  +  V  v 

>:<L:  vg(x)  =  -vi  (78) 

v  *1'  V  r  ** ) 

x>L:  v_(x)  =  --V  +  — ; - J  x  +  (a-  1)1,  •  (79) 

C  s  +  oL  L 

We  now  assume  free  recoil,  so  that  the  total  momentum  of  the  system  is 
conserved.  The  momentum  M3  of  powder  and  powder  gas  with  respect  to  the 
ground  is: 

L  L*f*s 

Mg=  (  pVg(x)A-|dx  +J  PYg(x)A'2<Ix  (80) 

"o'  L 

Using  p  =  C/w(X)  (81) 

and  equations  (78),  (79),.  (90),  and  (72),  we  obtain  an  integration: 

2L-  =  -Cv,  t  _ IlJlt-L,  (0L2  +  s2  +  2oI,s)  (82) 

0  1  2(s  +  alP 

With  the  abbreviation  s/L=  r. 

Equation  (82)  becomes: 


M3  =  -Cv 


i  t  £.  (v  +  Vl} 


The  momentum  of  the  projectile  with  respect  to  the  ground  is: 
M2  =  inv 

and  that  of  the  recoiling  parts  with  respect  to  the  ground  is: 

=  miVj 

The  conservation  of  momentum  gives: 

M2  +  M3  = 


so  that 


inv  -  Cv 


i  +  7)  (V  +  V1  )  [i - ~ - r-2  =  m,V.. 

1  2  1  (0  +.  rr-  ^  1 


* 

"■"1. 1 

1  „  o(o  -  1)  f 

“l+l  ! 

fit  sis^Lri 

L  of  r)‘  j 

Solution  of  Eq,  (87)  gives: 

„  Vv 

O  «  si 


In  the  special  case  that  A^/A^  £  a  =  1,  Eq.  (88)  reduces  to: 

e  =  (89) 

Eq.  (89)  if.  ti.e  usual  exi.rc ssion  found  in  tree  twentc  of  interior 
ballistics.  Eq.  (88)  way  bo  somewhat  simplified  by  noting  that  c-vcn  in 
the  most  extreme  case  the  ratio  of  C/2  to  iny  is  only  1  part  ir  600,  so 
that,  to  a  good  accuracy.,  the  denominator  of  F.q.  (88)  may  be  simplified 
to  my.  This  simplification,  together  with  the  use  of  c  =  C/in,  gives 


1  fl  4  S.  f  1  -  .0(0  -  A)  "V 

"i  L  2  i  '  To~r?F  ~j 


Actually  the  recoil  is  always  damped,  and  the  effect  of  tin's  damping 
is  to  reduce  e  by  a  very  small  amount;  the  effect  of  s  value  of  o  >  1 
is  also  such  as  to  reduce  o,  Vue  two  criccto  thus  act  in  the.  same 
direction,  so  that  inclusion  of  the  correction  term  .in  o  should  improve 
matters.  (If  the  effects  acted  in  opposite  directions,  they  would 
partially  cancel  each  other  and  taking  the  c  term  into  account  might 
not  be  an  improvement). 

The  energy  of  recoil:  WR  is  given  by: 

WR  s  1/2  rnyVy.2  (91! 

Using  Vy  =  ev,  we  have: 

WR  * 

1/2  mvz  rrr  e 

m 

Applying  Eq.  (90)  and  the  abbreviation 

(93: 

we  got: 


- _  =  w  /,  ,  e  c  r  N‘ 

1/2  mv^  (1  +  ^  JV 

-3.  Kinetic  Energy  of  Powder  and  Powder  Gases 

(a)  With  Heglect  of  Recoil. 


* 


7 •n'r'~x/+r  *7  - 


In  this  case  v:e  take  vg(x)  “  u^(x)  and  u  =  v.  The  kinetic  energy 


of  the  pen-xkr  and  powder  gases  is  given  by: 

L  Jj+S 

r  r 


V'poud .  =  1/2  j  pVp-(>:)A1dx  +  1/2  j  pv2(>: 


pvl(x)A?dx 


With  the  approximation  of  vr(x)  by  u„.  (:■:)  and  the  use  of  Kqs.  (70),  (72), 
(73),  ('/■•!),  (£1),  Eq.  (Vo)  r,;vcsV 


r- 

V»  •  =  l/i?  ir,v?  E  -1  -  o((J2  ~  1) 

"pot;a.  „  x  - - r — \"3~ 

1  J  i  (o  +  r)'5  .. 


(b)  With  Recoil  Taken  into  Account. 
Kqs.  (95),  (78),  and  (79)  give: 

Kpowd.  "  v‘l  +  w2>  where 
L 


%  =  1/?  PAi 


♦  I 


.  (v  *  vj )  „ 


J  1 


j  -1  •  0  1,  +'«  J 


X.  dx 


W2  =  1/2  pA2  J 


I.+s 

f 

u;  ♦  (v+vx> 

r 

Jx  +  (o 

~) ! 

-  1)L  j 

2 

dx 

L 

L  oL  +  s 

( 

a 

• 

Eqs.  (72)  and  (81)  and  the  relation  «  evgive: 

r 


iW.  =  1/2  nrr-  _ e 

A  3(1  1 


eq  .  i  + 

t  e)  ^  a  + 


3  3 

e)  +  e 


V<2  -  1/2  mv2 


_ js _  Fp  „  o(l  t  e)  ^^1 

3(1  +  e)‘  [_  ^  c  +  r  j  j 


W  ,  =  1/2  mv2  -xrr- - c  !l+  a  e3  +  o  (  — 

powd.  ^  3(1  +  o)  |  a  + 

-  i  ofl  +  e)  _  i-l 


1  +  e 


]  + 
^  c  + 


-  e;  i 


Mote  that  if  e  is  put  equal  to  zero  that  Eq.  (101)  reouces  to  Eq,  (96), 
Eq,  (101)  nay  be  simplified  as  follows.  Place 


1  +  e 
o  +  r 


(.103) 


Then  the  expression  in  brackets  F/>(r)  expressible  as: 

* 

F^Cr)  =  1  +  a  e3  l-  o  (q  •*  o)3  -  (a  q  -  e)3 


TIius 


Fg  -  1  r*  a  (o2  -  l)q3  +  3o  (a  -  l)q2  o  +  e3 


or 


Fo  "  1  +  e3  -  F, 


a  -i-  1 
a  +  r 

- 


(1  +  e)3  -  3e(l  +  e)? 


(3.0*1) 

(105) 


In  Kq»  (105)  we  may  emit,  with  errors  of  less  than  1  part 
in  1000,  all  terns  not  linear  in  e.  Then 


F 


2 


or 


::  1  -  Fjl 

O  'I*  ) 

_g  +  r 

(1  +  3e)  -  3cj 

(10C) 

=  i  -  r. 

to  +1 

+  3e  (  0  *  1  -  1)1 

(107) 

1 

[cr-  +  r 

o  +  r  'J 

hi  Pressure  Distribution  without  Gas  Friction. 

Because  of 

the  acc 

loler^tic.:.  of  th  -  powder  cud  :  o-’d-; r 

garct 

there  is  a  drop  in  pressure  from  die  breech  to  the  bate  of  the  projectile. 
The  differential  equation  for  this  pressure  drop  nay  be  derived  by  ca]~ 
culatin^  the  net  forv.vr.  d  force  on  a  slab  of  gas  whoso  facer-  are  iv;o 
cross-sections  of  separation  dx,  and1  equating  this  net  forep  to  die 
product  of  -the  mass  and  the  acceleration  of  the  slab.  Ue  indicate  in 
Fig.  3  the  portion  of  the  gun  between  two  cross-sections.  Let  p(x,t) 
be  the  pressure  at  time  t  at  distance  x.from  the  breech  face,  Ry  the 
radius  of  the  tube  (chamber,  joining  cone,  or  bore)  at  distance  x  from, 
the  breech  face,  and  &  the  angle  between  a  normal  to  the  tube  and  a 
normal  to  the  axis.  Then 


the  force  dF  oxer  led  on  the  slab  by  an  element  of  wall,  area 

dx  secpR  dO  .is: 

**»  • 

dF  -  p(x)Rysoopdx  dO  ,  (1.08) 

and  the  forward  component  of  this  is: 

-dl*  sin  (i  -  -p(x)R..tanpdx  dO  (1.09) 

Row  dl’v  -  -dx  lan  p,  (3.1.0) 

so  that  -dr  sin  0  -  p(x)R>.dRxdO  (111) 

The  total  forv/ard  force  due  to  the  -  walls  is  thus 

dFv?  =  2up(x)RxdRx  =  p(x)da(x)  (112) 

To  drw  must  he  added  the  net  forward  force  due  to  the  faces  of  the 
slab,  vix. 

dip  -  p(x)a(x)  -  p(x  •:  dx)  a(x  T  dx)  -  -  (pa)dx  (113) 


j  3d  , 

-  pda  -  a  dx 
3x 


Thus 


drw  +  drf 


-a  |£.  dx 
3x 


(119) 

(115) 


The  mass 

acceleration  product  of  the  slab  is 

_c _ g  ' 

u(X)  dt 

adx. 

so  that 

-aiP_dx=  „CiL_  flg(x>t)  dx, 

3x  .  u>(X)  dt 

(no) 

or 

3l»(x)  =  _  _C_ 

3x  w(X)  dt 

(117) 

Eq.  0.3.7)  is  the  fundamental  law  of  pressure  distribution  when  gas 
friction  is  negligible;  v  (x,t)  is  the  gas  velocity  with  respect  to  the 
ground.  Row  we  may  express  Vg(x,t)  by 


Vg(x,t)  =  ug(x,t)  -  vx>  .  (75) 

where  Ug(x,t)  is  the  gas  velocity  with  respect  to  the  gun,  and  v^  is 
is  the  velocity  of  recoil. 

dVg(x,t)  _  dUg(x,t)  dvj 
dt  dt  dt 
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Then 


(318) 


Insertion  of  Eq*  (.1.18)  into  Eq,  (117)  gives: 

8„(x,t)  , _ c _ '  •  '*%{*>*>  _ 

3x  w(X)~  dt  dt  ■ 


(1J9) 


p(s)  -  p(o)  =  -  3x>- 


The  derivative  *’  may  be  evaluated  by  means  of  Eq.  (70).  Thin 

derivation  is  given  in  Ramsey 1  s?/  report  ,  but  is  summarized  here  for 
purposes  of  completeness  and  clarity.  The  acceleration  du^  (:•:,!) 

dt 

the  acceleration  of  a  definite  mass  of  gas  and  Ug  is  a  function  of  x  and 
of  t,  say  f(x,t).  At  time  t,  Ug  has  the  value  f(x,t);  at  time  t  +  dt 
the  slab  has  an  x-coordinate  equal  to  x  +  Ug  dt,  so  that  Ug  has  the  value 

f(x  u_dt,  t  +  dt)  =  f(x,t)  +  1^- u_dt  +  ~  dt  (121) 

t>  d>*  £  o  l 

The  acceleration  is  thus  given  by 


dx  t  Cy  dv. 

dt  wTxT  at" 


(120) 


(121) 


3x  ug  * 


How,  from  Eq.  <(70) 


f(x,t)  =  f1X>:)f2(t) 


(122) 


(123) 


where 


fi(x)  = 

a(x) 

f*(t)  =  u(° 


(12*0 


(125) 


In  Eq.  (125)  the  factor  is  a  function  of  t,  since  the  >:-coordinat« 

«(X) 

X  of  the  base  of  the  projectile  is  a  function  .of  t. 


=  ugf1(x)f2(t)  +  fi(x)f2(t) , 


(126) 


=  f2(t)f1(x)fjL(x)  +  f2(t)f1(x). 


(127) 
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X 


X 


X 


so  that 


^Lli  dx  =  l/2fjj(t)fjj(x)  t  fgCt)  f  fi(x)dx 

dt  •;  J 


Nov?  [^(o)  -  o,  so  that: 


a*  »  i/2f|h-)f Joo  +  4(t)  f  f$a* 


=  1/?  u2(x,t)  +  f2(t)  ;  dx 

e  ‘  *'b  a(x) 

Insertion  of  Eq.  (130)  into  Eq.  (120)  gives: 


(128) 


(129  ( 


(130) 


r  *1 

p(x)  -p(o)  =  -  [* k  u|(x,t)  +  f2(t)  dx  ~  (131) 

io(X)  |  2  &  *  a(x)  dt  / 


This  is  the  general  law  of  pressure  distribution  without  gas  friction. 
For  C.u-  ir.lcl  :  (.';;  -  •:  A?s,  aOO  -  As,  and 


x  <  L-  =  >■ 

a(x) 


>  L:  =  x  +  (0-  1)L 

a(x) 


Thus  for  our  model,  when 


,  f  °(*) 

x  s  I,;  1  a(xf 

v' 


dx  =  1/2  x 


x  >  L:  f^y— r-  dx  =  x  dx  +  f  [x  .+  (c 

i  l  4  L 

r  r  i 

=  1/2L2  +  1/2  j  .lx  +  (o  -1)L  l  2  -  a2  L2 
M  '  J  "™ 


jx  +  (o  -1)l| 


(132) 


(133) 


Also,  from  Eqs.  (123),  (124),  (125),  (72),  (-73),  and  (74),  v?e  have  for 
'  ^  t.  ..  -  xu(t)  • 


X  ^  L*  u  (y  t)  rs  *  ^  * 

x  <  a.  ug(.x,x;  -  ffI|  ;f  s 


0.34) 


and  for 


i  m  „  ^  _  Lx  f  (o  r  DlJ  u(t) 

X  ^  t»:  U  VA  jt-i  -  *  - - - 

g  a  L  +  s 


(135) 
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Also,  since  f9(t)  =  il.li.L—  (by  Eqs.  (125)  and  (72)), 
*  oL  is. 

WOhQV°  rVn 

i2U‘;  "  ol.  +  s  (oh  +  sP 


(136) 


Insertion  of  Eq.  (136)  and  Eq.  (13*1 )  or  Eq,  (135)  into  Eq.  (131)  gives: 

x  <  I,:  p(x)  -  p(o)  =  -  - -  [l/2u'(t)x2  -  x(al,  +s)  (137) 

(•ah  -i-  s)A  U  dt  ^ 

x>L:  p(x)  *•  p(o)  "  -  .^Lll -  — -|.  u'(t)  J  ( x  +  (o  -1)L)2 

2(ali  +  s)^  l  aE  -is 


(a2  -1)I,*J 


2x(aE  +s) 


(138) 


Eqs.  (137)  and  (138)  give  the  distribution  of  gas  pressure  for  our  model 
provided  gas  friction  is  neglected.  For  a  gun  of  uniform  cross-section 
we  should  have  =  A  and  o  =  1. 

For  such  a  case  we  should  have;  for  all  >:: 

T  dv,7 

p ( x )  -  p(o)  =  -  .  C/A  .  .  l/2u'  (t)x2  -  x(L  t  c)  (-139' 

1  1  (L  +  sP  L  'dt  J 


(139) 


u*(t)  is  the  acceleration  of  the  projectile  with  respect  to  the  gun,  and 


'1  ,• 


is  the  acceleration  of  the  gun  with  respect  to  the  ground. 


5,  The  Effect  of  Gas  Friction  on  Pressure  Distribution. 

It  is  known  that  for  turbulent  flow  of  fluid  in  a  pipe  of 
diameter  D,  the  pressure  drop  per  unit  length  is  representable  by  means, 
of  the  equation: 

9p  2fFp  ,  (140) 

„  =  _  Ug 

where  p  is  the  mass  density  of  the  fluid,  Ug  its  velocity,  and  fp  is 

a  dimensionless  factor,  usually  called  the  Fanning  friction  factor,.  It 
is  a  rather  weakly  varying  function  of  the  dimensionless  Reynolds 
number,  the  latter  being  defined  as  the  I'atio  of  the  product  of  diameter, 
density,  and  velocity  to  the  viscosity.  Curves  showing  the  variation 
of  fp  with  Reynolds  number  will  be  found  on  page  ,110  of  McAdams's 

"Heat  Transmission".  Rough  estimates  show  that  the  Reynolds  number  is 
of  the  order  107  in  a  gun;  this  is  somewhat  beyond  the  range  of  the 
curves  given  by  McAdams.  Furthermore  the  conditions  of  turbulence 
•existing  in  a  gun  may  be  so  different  from  those  prevailing  in  steady 
flow  in  an  ordinary  pipe  that  Eq,  (140)  may  not  hold  well  in.  a  gun. 
However,  Eq.  (140)  is  all  that  we  have  to  go  by  in  treating  gas  friction 
in  guns.  We  shall  therefore  adopt  Eq.  (140)  as  representing  the 


27 


fail ina  off  of  pressure  due  to  gas  friction,  but  shall  treat  fp 

as  constant  throughout  the  gun ,  and  use  soii.o  sort  of  average  value  for 
it.  for  a  lU-y no1  d '  nu vber  of  30/,  McAdams 1  s  "rough  pipe"  curve  gives 
approximately  0.003  as  the  value  of  fp. 

Addition  of  Kgs.  (119)  and  (140),  with  p  -  C./w(X)  and 
D  =  for  x<  L  and  D  =  D »,  for  x>L,  gives  as  the  complete  differential 

equation  for  pressure  distribution: 


&p(>0  ..  _C  dug(>:?t)  dvl  2fp  u^(x,\) 

Ox"  ''  "u(xT  t.’dt  ~  "  dt  D  J 

Our  effective  diameters  are  defined  by  the  equations: 


(141) 


IT  D1  =  A1 


(142) 


--  D  =  h0 
4  2  2 


(143) 


wher  e  the  effect  its  arcr-s  t\±  and  Aj,  hav-  been  defined  in  Section  2  of 
this  charter.  The  question  ray  arise  as  to  whether  u£  or  vg  should  be 

used  in  t*q.  (140)  in  genera  lining  from  steady  flow  in  a  pipe  at  rest 
to  accelerated  flow  in  a  gun  in  notion.  The  answer  cones  at  once  flora 
Hie  fact  that  vg  0  for  gas  at  rest  ir.  a  tube  in  motion,  in  which  case, 

however,  there  is  no  pressure  drop  due  to  gas  friction;  use  of  Vg  in 
.place  of  ug  in  Eq.  (140)  would  thus  be  incorrect. 

The  gas  friction  correction  to  Eq.  (137)  for  p(x)  -  p(o) 
when  x  <  L  is  readily  obtained  by  inserting  Eq.  (134)  into  Eq.  (141) 
and  integrating.  We  obtain  for 

C  /  A  F  dv . 

x  <  L:  p(x)  -  p(o)  =  *-  _ ^  .  u.  pu *_(t)x  -  2x(oL  +  s)  -j-~  (144) 


+  a/3  i _ i 

'  1/2 

DjO  (cfl 


2(oL  V  s)2 

,1 


ug _  x3  ! 

L  +  s) 


On  inserting  Eq.  (135)  into  Eq.  (141)  and  integrating,  we 


obtain  for 

v  C/A, 

x>L:  p(x)  -  p(o)  -  -  _ _ - — - 
v  2(aL  +  s)- 


(g?-  -l)L?u2  4  u*(t)  )  fx  +  (o-l)L?- 

o  L  +  s  •  ( 


T  dvi  f-p 

-  (a2  ~l)h2(  -  2x(c?Ij  +  s)  +  4/3  nCT  T 


fr  .  -v.'l'2 


3r  ^ 


°2  (oL  +  s)  C 


{  x  +  v.o-x;!j: 


•f  I*'  C  <r 


O'*)'  \ 


(1.45) 
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To  calculate  the  pressure  Pp  at  the  base  of  the  projectile  we  insert 
:<  =  L  s  into  Eq.  (145);,  thus  obtaining: 


Pp  -  P(o)  •  -  2 XSTTTF  1  "'<t!  '  [  (oLt  s)2 

-  (o2  -  1) li2  v  -2(L  +s)  (oL  +  s)  fli  i-  i|/3  - - f  ( 

3  dt  h2(ol,  +  s)  [ 


+  fl/3 


(oL  +  s)3 


+  b3  C^*/Z  -  a3)jj  (1U6) 

6.  Average  Pressure  in  the  Equation  of  State. 

In  Chapter  I  on  thermodynamic  foundations  it  was  assumed 
tacitly  that  the  temperature  -was  uniform.  Actually  it  will  be  a 
function  of  x  even  with  our  model  in  which  heat  loss  is  treated  as  in 
Chapter  II.  Gas  friction,  for  example,  produces  a  dissipation  of 
mechanical  energy  into  heat  energy,  and  we  have  seen  that  its  effect 
depends  on  x.  We  may  thus  expect  T  to  depend  on  x.  If  is  clear, 
however,  that  the  u(?)  there  introduced  should  be  a  mass  average  of 
u(Tx),  Thus,  if  we  let  p,, { x )  be  the  density  of  the  powder  gas  (not 
of  powder  plus  powder  gas),  our  Eq.  (1)  should  be  written: 


CdGu(T0)  =  d 


t  Ju«yj 


)  p„(x)  d  t  *  6  W, 


(1**7  ) 


The  subscript  t  is.  appended  to  the  differential  sign  in  front  of  the 
integral  to  denote  that  the  change  thought  of  is  a  change  occurring  in 
time  dt,  so  that  the  operations  d^.  and  /  are  not  inverse  to  each  other; 
dt  is  the  gas  volume  element,  Eq,  (1**7 )  may  also  be  written: 

f  _ _'\ 

CdGu(T0)  =  d  I  CGu(Tx)  j+  AW,  (148) 

•» 

where 


u(V  =  ju(Tx)  pg(x)dT//CG, 


(149) 


the  mass  average  of  u(Tx);  the  integration  is  over  the  volume  of  chamber 
and  bore  unoccupied  by  solid  powder.  Comparison  of  Eq.  (14S)  with  Eq. 

(1)  shows  that  our  earlier  u(T)  must  be  interpreted  as  our  present  _  . 


ufTx) 


Now  u(Tx)  =  cvTx,  where  we  assume  the  specific  heat  cv  at  constant 

volume  to  be  independent  of  x;  this  assumption  is  equivalent  to  saying 
that  there  is  no  change  in  relative  gas  concentrations  with  x. 


u(T)  -  u(Tx)  "  cvTx ,  • 


(150)' 


where  T  is  the  mass  averages : 


T*  5  fe.fT 


yf)£(x)dT 


(151) 


The  integration  is  again  over  the  volume  of  powder  gas  alone;  Nov?  .if 
the  cc- volume  o.f  the  gas  per  unit  mass  is  >i^.  then  the  equation  of  scate 
may  be  written  as: 

p(>:)  [p?*r'"  nij  s  RrTx.  (152X 


Where  Ri  is  the  ,gas  -constant  per  unit  mass. 
Then  ’  t~ 


so  that 


“  »  p(x) 


1  ‘C.  •  (  v  i 


r- 


niPgCx) j  , 


_„.r.  (X)  ‘i  -  n^Cx), 


(153) 


(15ii) 


The  factor  J  -■  hqPg(w)  is  a  correction  factor  not  very  different  from  1 

for  all  Remembering  here  that  Kent  found  non-uniformity  of  density 
to  be  unimportant,  we  regard  this  factor  as  constant,  so  that  it  may  be 
taken  outside  the  sign  of  integration.  The  integration  is  over  the 
volume  of  powder  gas  alone.,  so  that: 


CGRyTj.  =  pVg(i  -  nipg) 


(155) 


In  Eq.  (155) i  Vg  is  the  volume  of  powder  gas  alone,  and  p  is  a  volume 

average  of  pressure  over  the  region  unoccupied  by  solid  powder.  We  are 
naturally  led  at  this  point  to  replace  it  by  a  volume  average  over  the 
whole  volume  of  chamber  and  bore,  since  in  the  Ramsey  hydrodynamical 
theory  powder  and  powder  gas  are  treated  as  one  fluid.  Now  Vg(l~rv^pg) 

is  our  free  volume  2  and  Tx  our  earlier  T,  so  that  Eq.  (155)  reduces 

to  our  earlier  expression  of  the  equation  of  state  Eq.  (9)  if  we  use 
that  equation  a  volume  average  of  the  pressure.. 


given  by: 


Thus  the  effective  pressure  p  in  the  equation  of  state  is 


(Ajh  AjsJp  =  j  p(>:)A1dx  +  j  p(x)A2d> 
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Now* 


(Ail<  ■!•  A2s)p(o)  •••  j  p(o)Ajdv:  pfo)A;jd>: 


(■157) 


1’}1US  p  n  I*  ~i  L  i  s 

(AjI.  +  A2S)  p-p(o)j  =  '/  ;pCx)  -  .p(o)(  Aydx  H-  /  ‘p(x)~p(o)j  Apdx  (158) 

‘-“o'-  L 

V<’c  noV;  insert  Eq.  into  the  first  Integra.!  on  the  right.  side  of  l'o. 

(158)  and  Eq.  (1*15)  into  the  second  integral,  thereby  obtaining: 

i  Cpe,) "  H  A*dx  *  ^xVsT2-|5  '"(t>  ••  lHoL  *  a)  tr 


• ,  fpl/’u2’ 

+  __i_: _ ... 

3D2crl/2  (oL  *  s) 


(152) 


2(oL  +  s)~  ^  c  3<  +  s 


/  Ip  Ox)  -  p(o‘?  Aodx  =  - _ ?. _ _  I  Co2  -  3)  L2su2 

l-  d  2(oL  ?  si7  :  a  I<  +  s 

ll  1 

s 

r-(aL  +  s)  (L  +  s)z  -  L2( .tl1.  +  )  1/3  J(og  +  s)3  _  o3i,3j 


'r  (o2  -I)LZS  {  U»(t)  r 

J  3D2(  L  +  s) 


“fF*2  r  w„  V 


•  .1/h  [(ch  r  s)!|  -  aV 


w  V 

+  L3s(c~  ^-o3)  j: 

^  1+s  '  p  „ 

Addition  of  Eqs.  (159)  and  (160)  gives  /  |q>(>:)  -  p(-o)j  adx. 


(160) 


On  performing  this  addition  and'  equating  the  sum  to  w(X)  (p-p0),  where 
where  w(X)  =  AyL  +  A2s }/  and  where  p  is  the  desired  average  pressure,,  we 
obtain: 


P  -  p(o) 


2Aa  “1J 


(161) 


where 


Hy  =  1/3  1  -  ,7.  .UJ^Vct)  -  lx  -  (q  -  1)  (q  *  2r)  v'(t) 

L  (0  +  j  L  (o  +*)? j  1 

+  (o2  -  Dt'/L  fp;  f,  o  i/2  -  cr1*  t  «tr(<T  1/2-o3);  juz  f362y 

j-T7nrf - * BJ  i1  -  - — ’-g-rt.r  — 7jf 


(0  t  r)'« 


In  Eq.  (162)  u 1 (t)  is  the  acceleration  of  the  projectile  with  respect 
to  the  gun,  u2  the  square  of  its  velocity  with  respect  to  the  gmv,  and 
Vyd)  is  the  acceleration  of  the  gun  with  respect  to  the  ground. 


■*  rry*  ■ 


(163) 


Now  Eq.  (I»l6)  may  bo  put  into  the  form: 


PP  -  P(o) 


+  ri .  4-—-T2  »'(t>  -  .2.o,  t.;).  v'(t> 

(a+  r)3  [  (o  t  r)4  o  +  r  1 


+  u/3  i£L  *•  i  +  1/2  -  i 

1)2  L  (o  +  r) 3  J 


(16H) 


p-pi>  »-  mT  (%-Hj), 


(165) 


v/here 


Hi  -  H2  =  2/3u*.(t)  !  -1  +  1).]  +  v'(t)  j  1  -  g  j^l)  1 

1  1  u  (a  +  r)JJ  1  L  i'o  1-  t'PJ 

+  -  -  hi  .’l  +  (0  1/2  -  g“  ]|  |,2  HfifO 

.  (a  +  r,Y’  D2  {  - 'Or~vJ"'[\ 


In  the  special  case  of  a  uniform  cross-section  c  =  i,  so  that 

i  fp 

Hi  "  H2  =  ~  2/3u*(t)  +  V]L  -  u2 

D2 

Nov;,  from  Eq.  (59),  we  have: 


where 


p  .=  m 1  dv 

p  *7  « 

m’=  m(l  +  p'  +  fi  tan2c?  ) 


(167) 


(168) 


(169) 


Inserting  Eq.  (168)  into  Eq.  (165)  and  using  Eq.  (76),  we  obtain  for 
the  average  pressure: 

_ m'  h  J  e1  \  o(o?-  -  l)"]f„,r*\ 

h.  L  3  v.  +  r>3  jj 

-  ml  Si  +  £lfl  -  £(£JlJjJ,lv’(t)  • 

A2  L  2  {  (o  +  r.)4  jj  1 

-  *1 

+  m'e«  r(q2-  l)o/I.  .  fr  C,  (q1/2  -  q1')  ,!  (170) 

2A2  '  (o'  V  r)1*  D2  ^  (o  +  r)'1'  jj  * 


*♦  i  »•  -f-'  v- 


vjhore 


.(171), 


It  is  to  be  emphasized  that  in  the  derivation  of  Eq .  (170) 
no  assumption  has  been  made-  as  to  the  relative  magnitudes  of  pro¬ 
jectile  mass  and-  powder  mass.  Note  also  that 


V-,  (t)  =  B. - tt(t) 

A  1  +  e 


(172) 


where  c  is  given  by  Eq.  (00).  In  Eq.  (17?)  the  c  in  the  denominator 
may  be  neglected,  so  that,  accurately  enough: 


vi  =■  eu 


eu1  +  e'u 


(173) 

(17h) 


so  that 


since 


:  =  2L  1  +  £i  (l  -  (a  -  1)1  , 

mi  2  i  To TTP-; 

^  •  "j 

,  _  HI  £  g(g  -  1  )  (-2)  u 

rn.j  2  (a  +  i')3  b 


r1  =  s 1  /Ij  =  u/L 

Thus  -p  r  -yj 

V,  =  HI  i  +  £  )i  -  g(q_-  i)  lu»  +  E  e  g(q  -1) 
mlJ  2  {.  (a  +  rpjj  mjL  (o  +r)d' 

Now  introduce  the  abbreviations: 

V*’ 5 1  *  !  £  - twtf}  =1  +  f  (1-Fl) 

and 

r4W  i  1 1  f’ jx  -  .i  +  f’u-rp 

arid  insert  Eq.  (176)  into  Eq,  (170).  We  obtain: 


(170) 


(176) 


(177) 


(178) 


+  mj  e 
2/u 


.  m'  r.  C1  r.  »(o2  -  1)1  m  _  _  |  . 

=  75  p  +  r  | 1  -  :x  W  j-  u (t) 

-  [Mja&S:  ♦  £  i'  +  .  <°m  .;-P. .  251  (,  -  w.  rlu 

(o  +  r)  %  _  (°  f  r)4  mjr  “l^TTr P 
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It  is  a  matter*  of  some  importance  to  note  how  the  effect  of 
gas  friction  changes  when  one  changes  the  caliber  of  the  gun,  In  order 
to  compare  the  charge  in  average*  pressure  due  to  gas  friction  with  the 
total  pressure  v/e  may  rewrite  Eq.  Cl'/O)  as  follows  (besides  the  leading 
term  only  the  gas  friction  term  is  retained): 

-if-  »  «,'  *  fl  ♦  L°^LrpJ,  „2  t . . .  <M») 

m'  2Do  j  (c  t  r) ‘  j 


(100) 


To  obtain  sore  idea  of  the  comparison  of  the  turn  in  u2  with 
the  term  in  u',  we  approximate  u2  by  the  Leduc  equation,  which  is  known 
to  give  a  rough  representation  of  an  interior  ballistic  trajectory.  The 
Lcdue  conation  states: 


u  *fai 


V/e  easily  derive  from  this: 

u2  =  u'(t)s  (1  + 


(181) 


*182) 


where  s  is  the  value  of  the  travel  s  for  maximum  u'(t),  which  we  may 

take  here  as  equivalent  to  maximum  pressure.  Insertion  of  Eq.  (102) 
into  Eq.  (ISO)  gives: 

A2P  c,?fs  )  (o  lf2  -  o“)  ••  s 

-  =  u»  |l  +  ~2TET  i  1  +  - +  2s~> 

In  J 


A2p  c'fys  j  ,  1/2  _  !  s  (183) 

-  =  u»  |l  +  “2UJ-  |l  +  ToTF)* - j  0.  T  2^)  , 

Ho w  in  Eq.  (103)  ldt  us  consider  geometrically  similar  guns,  and  let  s 

have  its  muzzle  value.  Then  the  values  of  a,  £  >  and  r  are  rigorously 

I)2 

equal  for  the  different  guns,  and  those  of  s/sm  presumably  so.  e*  is 
about  the  same  for  the  different  guns.  Only  fp,  the  friction  factor, 
remains  to  be  considered,.  If  we  compare  a  16  inch  gun  with  a  caliber 
.50  gun,  the  Reynolds  numbers  will  be  in  the  ratio  32  to  1,  but  in¬ 
spection  of  the  curves  on  p.  110  of  McAdams’s  ’’Heat  Transmission"  shows 
that  the  resulting  ratio  of  friction  factors  will  not  be  larger  than 
2  to  1.  V/e  have  therefore  the  important  result  that  the  fractional 
change  in  average  pressure  due  to  gas  friction  is  about  the  same  in 
all  guns.  Such  differences  as  arise  come  mainly  from  differences  in 
shape  rather  than  from  differences  in  caliber.’ 


The  Chemical  Kinetic  Problem 


In  this  short  chapter  we  consider  the  problem  of  the  rate  of 
burning  of  the  powder «  Since  this  subject  is  in  a  state  of  flux,  much 
of  the  material  of  this  chapter  is  necessarily  somewhat  indefinite  and 
tentative . 


The  only  generally  accepted  law  concerning  burning  seems  to 
be  that  known  as  the  "law  of  burning  in  parallel  layers."  Accord 'ng'  to 
this  lav/  a  given  layer  of  a  powder  grain  burns  completely  before  the 
next  layer  begins  to  burn  at  all*.  Stated  in  another  way,  at  all  points 
on  the  surface  of  a  powder  grain  the  surface  recedes  at  the  same  rate, 
commonly  called  the  rate  of  regression.  It  is  standard  notation  to 
denote  the  linear  distance,  of  regression  in  time  t  by  x;-  v:e  Shall 
follow  this  notation,  since  there  seems  to  lie  no  danger  of  cc-hfusion 
with  the  x  of  Chapter’  IV.  The  smallest  linear  dimension  of  a  powder 
grain  is  known  as  its  web,  denoted  by  w.  Thus  for  solid  cylinders 
(cordite),  the  diameter  is  the  web;  for  single-perforated  powder  the 
difference  of  the  radii  is  the  web;  for  mult iperf orated  powder  the 
distance  from  any  perforation  to  the  nearest  neighboring  perforation 
or  to  the  periphery  is  the  web.  The  web  1/as  the  physical  significance 
that  when  it  is  burned  through  the  powder  is  completely  burned,  except 
in  the  case  of  mult ’perforated  powder,  which  at  that  moment  falls  apart 
into  slivers.  This  burning  through  of  the  web  occurs  when  >:  =  w/2;  we 
are  thus  led  naturally  to  introduce  the  dimensionless  variable  z, 
defined  by  the  equation: 


z  2  2  x  /w 


(18't) 


The  variable  7.  is  the  fraction  of  the  v/eb  burned  through;  it  has  of 
course  the  value  1  at  the  moment  when  the  web  is  just  burned  through. 
For  all  pov/der  grains  of  the  same  shape  the  fraction  G  of  the  powder 
burned  will  be  a  function  of  z  and  of  z  alone;  thus  G  =  G(z).  E.g. 
cordite  of  diameter  v?  and  length  L0, •  ■ 

G(z)  =  1  -  (1-z)2  (1-H.  z)  (185) 

Lq 

For  single  perforated  pov/der  of  length  L0  and  difference  of  radii  w, 

G(z)  -7.  j  1  +  H.  (1  -  z)]  (186) 

L  bo  J 

For  mult iperf orated  powder  the  formula  for  G(z)  is  given  in  Ordnance 
Technical  Note  No.  1  by  G.  P.  St.  Claii’.  Tables  of  G(z)  for  multi- 
perforated  grains  of  typical  shape  are  given  in  Table  VIII  of  Bennett's 
"Tabic  for  Interior  Ballistics".  For  ball  pov/der,  just  beginning  to 
come  into  use: 

G(z)  =  1  -  (1  -  z)3  (187) 

^Deviations  from  this  law  may.,  however,  arise  from  turbulent  flow  or 
flow  inside  a  perforation. 


The  law  of  burning  of  the  powder  is  the  expression  of  the 
rate  of  regression  *  dx/dt,  as  a  function  of  pressure*.  The  effect  of 
initial  temperature  of  the  powder  and  of  chemical  composition,  including 
especially  percent  moisture  and  percent  volatiles,  is  ordinarily  taken 
care  of  through  adjustment  of  the  Values  of  parameters  occurring  in  the 
above  function.  The  particular  average  pressure  that  should  bo  used  in- 
the  law  would  seem  to  be  an  average  over  the  surfaces  of  the  grains1'  „ 
Since,  however,  the  grains  are  apt  to  be  more  or  less  uniformly  dis¬ 
tributed  throughout  the  volume  behind  the  projectile,  no  serious  error 
should  be  rude  by  treating  such  an  average  as  identical  with  the  volume 
average  used  in  the  equation  of  state,  vis.  that  given  above  in  Kq.(179). 


The  most  commonly  used  form  for  the  lav/  of  burning  is  the 
pressure  index  Jaw: 


dx 


(180) 


dt  s  bPn 

Bennett  used  n  =  2/3,  Roggia  used  n  -  0;7,  arid  various  other  bailis- 
ticians  have  used  values  of  n  ranging  all  the  way  from  1/4  to  1.  The 
British  have  customarily  used  n  =  1,  but  Hadley7  has  recently  replaced 
the  first  power  of  the  pressure  by  the  first  power  of  the  density  of 
the  gas.  Such  a  procedure  was  suggested  by  the  work  of  Crow  and 
Gr i,.  'd.,;vr  ,  on  the  basis  of  whose  kinetic  theory  the  rate  should  be  pro¬ 
portional  to  the  density.  An  interpretation  of  their  theory  by  R.  52, 
Kent  and  the  author  would  indicate,  however,  that  the  rate  should  be 
proportional  on  their  theory,  rot  to. the  density  of  the  main  body  of 
the  gas,  but  to  the  density  of  the  freshly  formed  gas  In  immediate 
contact  with  the  grains.  Experimental  work  by  R.  B.  Dow  now  in  progress 
at  this  laboratory  may  lead,  however,  to  results  in  disagreement  with 
such  a  conclusion. 


Another  form  for  the  burning  law  that  lias  been  used  to  some  extent 
in  this  laboratory  is  the  general  linear  function: 


dz/dt  =  a .+  bp  .  (189) 

This  law  was  first  proposed  by  Mansell9  and  later  used  by  R.  H.  Kent 
on  the  physical  grounds  that  the  law  should  contain  a  term  independent 
of  pressure  to  account  for  the  direct  effect  of  radiation  on  burning. 


*  Lack  of  simultaneous  ignition  may  also  affect  the  rate  of  regression. 

On  the  reasonable  assumption,  however,  that  ignition  is  complete  before 
the  start  of  motion,  its  effect  on  the  trajectory  may  not  be  serious. 

7A.T.  Wadley,  Research  Department  Woolwich,  R.D..  Report  Ho.  72  (1936). 
®'A.D.Crow  and  W.E.Crimshaw,  Phil.  Trans.  Roy.  Soc.  London  A,  230,  387  (1932). 
^Mansell,  Phil.  Trans.  A  207  (1907). 
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A  recent  analysis  by  Hirschfelder  of  the  data  given  in  Tabl  c  V  of  Crov/ 
arid  Griinshaw's  paper  on  "The  Combustion  of  Colloidal  Propellants"0 
confirms  the  experimental  validity  of  such  a  law.  Hirschfelder  found , 
moreover.,  that  a  is  independent  of  the  initial  ter iperj lure  of  the  powder 
and  that  b  is  inversely  proportional  to  T^-Tp,  where  Tp  is  the  powder 

temperature  and  is  the  "touchoff  temperature"  given  by  Crow  and 
Grimshav;.  In  some  cases  a  came  out  to  be  zero. 

We  shall  consider  only  the  two  above  laws.  In  terms  of 
.  the  variable  z  they  became: 

Pressure  Index  Lav?:  dz/dt  =  —  nn  (ISO) 

v?  *' 

General  Linear  Law:  dz/dt  =  2.  (a  +  bp)  (191) 

w 

Questions  concerning  the  dependence  of  the  parameters  a  and 
b  on  the  initial  temperature  of  the  powder  and  on  powder  composition 
will  not  be  considered  in  this  report. 
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Chap  tei'  VI 

The  Collected  fruitions 


31  5;;  nceorr-.ny  at  litis  point  to  sun;.urir.e  {.one  of  the 
l-osu)  Ls  :'y  obtain.;-.'.  Vie  h-vc  fir .?!  the  g'-ir-VM!  energy  equation: 


C  CG(z)  -  £-2.  +  w, 

Y-l 

then  the  rate~of --bui-ni  n:*  eouation: 


(40) 


O.' 

*dl 


or 


(190) 


d7.  _  2  ,  . 

dt"  w 


(191) 


The  energy  V?  in  Hq.  (10)  is  given  by  the  sum  of  Kqs.  (28),  (30),  138), 
(55),  (94)  ar.d  (101).  On  performing  this  addition  and  expressing,  t'no 
velocity  v  with  respect  to  the  ground  in  terms  of  the  velocity  u  with 
respect  to  ti.  •  gun,  so  that 


v  - 


v:e  obtain: 


1  i  e 


U  ’=  1/2  mu2  l'5(r). 


(192) 

(193) 


where 
Fr,(r)  -  __i_ 


r. 


-  _ — :L_  1  +  n«  +  f  tan2  c;  +  k  +  HI  <1  +  £.  -  £.  F  (r)!*  2 

(1  +  eF  i  1  {  2  2  i  3 


+  _ S _ „  F(r) 

3(1  +  e)  2  ! 


(194) 


In  Eqs.  (192)  and  (194) 

V1  in  \ 

e  —  —  —  —  1  + 

v  mi 


£ 

2 


m*  =  m  (1  *  u*  +  f 


C/m* 


1  -  Fi(r)‘ 


Also,  with  the  abbreviations 


(88) 

(169) 

(171) 


f *q ,  (179)  for*  the  c*v6r?*.gv  ;-r*.2sui'0  boccricsi 


p  =  ~  ,  F  (r)u’(t)  -i  F  (r)  u2/ 

A2  L6  7  - 


(195) 
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v/here 


I-"* 


c* 

3 


rtM 


_ 

in 


1  + 


o(^?~  1) 

Co  n-v  t 


m 

R1-, 


(196) 


and 


F?(r>  | 


f(g2  -  l)o 

j  ( a  -i-  rO1®-  + 

»•  * 

m1  o(a_;-J) 

•’■T  ’  To  "i  i'")"s 


f5.L 


■*  1  .+ 


L 


(197) 


Note  that  the  functions  of  travel  F^  ,  F^,  Fy  are  a3J  clinic nsi orii co 

The  functions  Ft,,  Fq,  Fy  arc  defined  iix.urdiatejy  above.  The  functions 
Fl»  F2»  F3,  F4  are: 


rl(r) 

=  sSb.  " 

”  'To  + 

1) 

r*F 

(93) 

r2(r) 

5  l  -  f,  ?2_Li.  •!  scifLA  -  i 

J  o  t  r-  c  i*  r 

(107) 

iy*> 

U  -  Fj_) 

077) 

r4(r) 

2  ■  1  + 

1  O-rp 

(173) 

It  is  desirable  to  list  the  values  of  the  functions  F1S  l'2>  .  .  .  F?, 

and  of  c  for  the  case  of  uniform  cross-section,  so  that  o  =  1.  In  this 
special  case  they  are  all  constants  with  the  values  given  in  the 
following  table. 


Function 

Value 

F1 

0 

F2 

1 

e 

21  Cl  +  f 

F3 

1+  f 

r9 

1  +  f 

l5 

1 

(1  +  eQ)^ 

♦  «__‘l 

30.  +  oo);  j 

Table  I 


-  e  for  short 
o 


l 

L- 


1  +  tl  *  T  f. 


tan2c?  +k  +  “  (1  +  ~  )2 

r  2 
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Function 


Table  1  ( Coni' d) 


Value 


H'  1  1* 


i  i  L  -  H  .Q  •,  (  )  a,.  $  )' 

i  t  v*  /  2  j 


If  th.  fuj-llic-r  spc-cializing  assumption  is  made  that  gas 
fr>c j s  I,.-.-?’  ‘hi*1,  1 n  F.  is 


IdtU 


3 j  i'.qr. .  (1-3)  and  (195)  are  inserted  into  Erp.  (10) ,  the 


C-'CG(z)  =  v-  r6(r)u*(tKE7(r)u?'  +  1/2  mu2F5(r) 

Y~1  A„  .  0  '  “J 


(198) 


Eqs.  (198)  and  (.190)  or  (191),  together  with  Eq.  (195),  constituted 
the  fu nd:  :. •alii  equations  of  interior  ballistics  of  which  the 
simultaneous  solution  £ s  d<~si.-'‘ed.  In  previous  treatments  of  interior 
b  ;  f !  at  i  v  r.rr -v .“o:  / tv  c>f  cross- 

s-'Cclcn  c\  r .  .  .  •,  d 'stria;  -.ier.  have  e.-rgbes**  f .  These  neglects 

have  pc:...:*„aei  tl  .  \  cry  gse-;t  si...;  3  if  is- tiorl  of  taking  SV,  to  be  zero 

and  Et,  and  Eg.  to  be  ccnstantr.  With  such  neglects  one  can  absorb  the 
constants  F5  and  F6  into  the  masr ,  defining  a  "momentum"  mass 

m,n  =  m  Fg  (199) 


and  an  "energy  mass" 


so  that 


mE  ?  Ifl  f5 


p  =  ^  u'(t) 
a2 


(200) 


(201) 


C?CG(z.)  =•  JL~  u>(t)  +  1/2  m-u2 
Y-l  Art  r* 


(202) 


Suppose  one  attempts  now  to  generalize  to  the  case  in  which 
non-uniformity  of  cross-section  and  ges  friction  are  taken  into  account, 
Then,  5r»  so  far  as  the  energy  equation  alone  is  concerned,  one  can 
group  the  term  in  with  the  W  term,  so  that  one  could  introduce 

variable  masses  as  follcwt.: 


*10 


,nin  B  m  r0(l') 


(203) 


mj;  "in  j  l'B(-r)  +  - - Z9.  - 

i  v  Y  “  J  J-‘2 


(20*1 ) 


How,  however,  in  the  pressure  equation  it  is  no  .longer  . 
.possible  to  introduce  an  effective  variable  rass  i«p(r)  such  that: 


m„(r) 


P  "  - 


u'(r) 


The  problem  of  succeeding  chaptc  ? is  to  put  the  equations  of 
interior  ballistics  into  :•  ji:.oj,-.io:i2c:--.s  fo:.:r.  cont;  lui.io  js  ie.:  pa¬ 
rameters  as  possible.  One  might  for  this  purpose  begin  with  the  equations 
( 195 )  and  (198),  perhaps  later  finding  that  the  functions  IV  ^  F'g,  and  h'y 

could  be  replaced  by  some  sort  of  average  without  causing  too  much  error. 
With  such  a  purpose  in  nind,  however,  it  seems  desirable  if  possible 
first  to  transform  the  equations  (195)  and  (398)  into  such  forms  that 
variable  effective  nasr ;-c  can  he  used  to  coircot  for  gas  friction  and 
non~unifor;:ily  of  cross  section.  The  cqvatv-r  *  -..ill  then  bear  a  greater 
ressrhlanc:-  tc  p; ■. o. „•  f.m  ■: .  ‘ : r  L'  V  ■  i;  .  . 

In  Kq.  (195)  the  tov;-'  in  u2  is  a  con  codon  tern;  which  would 
vanish  for  uniform  cross-section  ani  no  g>s  friction.  Since  it  is  only 
a  correction  term  we  may  try  to  express  it  by  some  approximation  as  the 
product  of  the  acceleration  u*(t)  and  some  function  of  the  travel  s.  The 
Leduc  theory  enables  us  to  do  this.  Vie  have,  in  fact,  already  obtained 
the  necessary  equation,  viz: 

u2  =  u'(t)s  / 1  +  ®  \  (182r) 

i  2S  i 

\  m  / 

where  sm  is  the  value  of -the  travel  s  for  maximum  u*(t).  Denoting  as 
before  s/h  by  r  and  sm/L  by  rm,  we  then  have: 


u2/L  =  u*(t)r  '  1  + 


O*'  » 

/m*m  , 


(205) 


—  F?(r)  =  u«(t)r8(r). 


(20S) 


where  Fg(r)  =  r  i  f  F?(r) 

\  -P. 


so  that  p  =  12.  u’(t) 


F6(r)  +  Fg(r) 


(207) 

(208) 


The  ratio  r,,,  may  be  looked  on  as  a  parameter  to  be  determine  by  com¬ 
parison  with  firings,  or  it  may  be  given  an  approximate  value  as 
follows'. 
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The  quantity  s  is  the  value  of  s  for  maximum  u’  (t) .  Nov;  let  V  denote 
the  total  volume  behind  the*  base  of  the  projectile,  i.c, ,  our  w(X)  of 
Ch  .pt er  i  V ,  If  V0  denotes  the  initial  value  of  V,  i. .  e . ,  the  volume  of 
the  ole  i'her,  then  the  lotrj  volume  expansion  ratio  i,  is  given  by; 


C  =  V/Vr 


(209) 


The  variable  l,  is  identical  with  t!  travel  variable  occurring  in 
Bennett’s  "Tab! or  for  Interior  Ballistics"*.  Now  v;e  have 

C  ,  J  jL.  r  n  4  =  1  ,  --  ( 

AjL  oh  o 


(210) 


lit  Bennett’s  ialle-s  the-  value  of  £  fer-  maximum  acceleration  is  seen  to 
range  from  clout  1.2  to  1.8  with  the  most  intporvanct  cases  around  lcb. 
If  we  adopt  the  value  1.5,  we  obtain  »»  =  o/2. 

Nov;  in  the  energy  equation  it  .is  of  course  still  possible  to 
move  the  u2  correction  term  occurring  in  the  pH  term  over  into  the  W 
ten;  and  the; . : y  oMtir.  the  effective  masses  of  r.'qs ,  (208)  and  (204)/ 

In  11.*  cor.  n*'y>  i;  s-'vs  desirable  to  •  pp-roxi- 

ti.:*  v  U:..  in  po  just  we  did  in  the  pressure  equation.  Then 


'■c£(*>  ■  7-7  ■  %  «’“> 


r,.(r  )  *  r,,(l-)  +  1/2  i.Vi\(r)  (211) 

\  O  •  O  .  }  -J 


Fqs.  (208)  and  (211)  are  formally  the  same  ns  L’qs.  (201)  and  (202)  for 
the  case  of  uniform  cross-section  and  no  gas  friction,  where  now  the 
"momentum  mass" 


P  *1 

mm(r)  =  m-  i  Fg;(r)  +  Fg(r\  =  mFg(r), 

with  Fg(r)  =  Fg(r)  +  Fg(r), 

and  the  "energy  mass"  tnF(r)  =  mFr(r), 

are,  however,  functions  of  travel. 


(212) 

(213) 

(214) 


Suppose  we  multiply  the  energy  equation  by  y-1  and  use  the 
fact  that  (y~l)  =  X,  the  "force"  of  the  powder  RjTq. 

Then  m_(r) 

XCG(z)  -  — —  u T ( t )  +  1/2  mp(r)  (y-X)u2  (215) 

In  the  event  that  rrTO(r)  and  m-(r)  may  be  replaced  by  constant  values  we 
may  take  into  account  the  difference  of  the  effective  masses  mm  and  mp 

through  use  of  an  effective  y  suggested  by  R,  H.  Kent.  We  simply 
introduce  an  effective  yc  defined  by  the  equation 
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mK(Y-*l) 

::  mm(Ye  “1}» 

(210) 

so  that 

m,. 

%  *  1  ' 

I-  J*  (y-1) 

% 

(217.) 

Then 

u<(t)  i-  1/2  m  (Yo  -  l)u2 

~*r*~  in  ^ 

XC6(-/.)  " 

(210) 

b.  m 

The  equation:.  which  v:il3  foi«i  the  for-  th-*  suc-c  chiplei;: 

the  energy  equation  (2l;>)  lo'/.-the;-  with  the  ev‘::r:  ioiw»  (21'/)  (733 ) , 

the  rnto-of -burning  equation  (390)  or  (193),  ana  the  pi  c-ss’.u  e  equation 
(208),  which  we  may  write  as: 

p  -  Jll - u-*(t)  (203 « ) 

b 


<13 


v* 


Chapter*  VII 


Ninons?  eiiiotr.  Yravc  1  Vavn.10.os 


X,  The  You?  WO.:-  :•  !.:t*o  f. 


The  total  volume  expansion  ratio  C  has  already  boon  defined 
in  equation  (209)  in  Chapter  VI.  It  is  .identical  with  Bennett's  di- 
mehsionlcss  travel  variable.  In  order  to  express  our  previous  equations 
in  leii.!..  cr  f  v:c  i.u.sl  an-; city  free  volur;*,  travel,  velocity,  and 
itcc'0'-.'  t’c  ;;  c.  ",  ;•  do.  o;  -  the  .vo?  density  of  the 

salio  p.v.  >.  Lg  i;h.a:  the  vu. vo)_v..  or  th.  pond  r  packs.;!  in  the  gun 
i:>  C/4  a«id  tie.  v;0 v  burn-" i  at  fine  1  is  Cv (;-.)/ i .  If  V  is  the  tote? 
vein:  c  !'s o\.  b*'Ce:h  Lo  ■  .  ojee!  Me  bare,  t the  g«r.  volu'.c*  at  time  t  is 
V  -•  (C/4)  1  -  C‘(x).  'ihe  ii<;>  volume  Q  is  obtained  from  the  latter  by 

subtraction  of  the  cc—volurc.  Let  us  no;;  d.  note  the  co-volume  per  unit 
volume  of  solid  powder  by  J  t  a.  Then  the  total  co-volume  is  (1  +  a) 
C6(z)/6,  so  that  the  free  volume fi is  given  by: 


9  =  V  -  ip  1  -  G(-z) 

0  4  • 

r  v  -  c  \j  j  r.(  V 


iLiL.0}.  C0(r.) 
0 


(21S) 


If  V0  is  ••  Ji.i  *.?..?  UC..-1  vc * ; 

V  =  \'o  £.  IJ"- re  :.?*•»•  c d-.vc  r  this  in  o  Lq.  (2)9)  and  introduce 
the  density  of  loading 


to  luc-J lie  base,  then 


h  =  c/vD, 


(220) 


fi  =  V. 


(1  +  a  G)e 


(221) 


It  is  to  be  especially  noted  that  our  density  of  loading  Ap  has 
dimensions,  so  that  its  value  egress  numerical ly  v?ith  Bennett's  di¬ 
mensionless  density  of  loading  A  only  if  C  is  expressed  in  grams  and 
VQ  in  cubic  centimeters.  Cf  course  the  ratio  Aj/6  is  dimensionless 
and  thus  always  ag; cos  in  numerical  value  with  Bennett’s  A/6,  In  the 
energy  ecuctior.  (215),  however,  the*  term  XCG(x)  gives  rise  to  a  factor 
Ay  which  docs  not  get.  divided  by  6.  If  we  wish  therefore  to  introduce 
the  usual  ciir.ensionl.es.-.  A,  we  must  express  Ay.  as: 


A1  =  Ac’o  5 

where  pQ  represents  a  density  of  1  gram,  per  cubic  centimeter. 


(222) 


Jn  the  British  Engineering  system  p  has  the  value  1,9!;0  slugs  per 
cubic  foot. 


Bennett  used  a  =  0*b  for-  his  interior  ballistic  tables  and 
Hoggin,  with  his  assumption  that  \hc*  co-volvr.  is  equal  to  the  volume* 
of  the  powder  burned ,  used  &  ~  0,  Crow  c>;  1  Cr i",  obtain'd  c>  ~  0.*)0 
by  analyri r  of  their  closed  chxib.i.*  records  on  n‘  troec'i  "lulo^e  paiJca, 
With  the  use  of  improved  cooling  correct ionf.  given  in  B.R.b.  Report 
ho.  201  by  R.  II.  Kent  and  the  author,  the  author’s  analysis  of  Crow 
and  Grimshev: 1  s  data  gave.  a  ~  0.70  (B.R.L.  Report  No.  208), 

Now  if  A^  is  the  cross-section*:!  area  of  the  bore ,  s  the" 
travel  with  respect  ic  the  gurt,  and  \’Q  lie-  5niiir3  volwi  «•  frc/i  l«r<ot' 
to  project 5  lo  base,  kg  have* 


A2ds  =  Vode 


(22  h) 


If  we  use  a  superscript  dot  to  denote  diff/  rent iat ion  with  respect  to 
the  time  t,  the  velocity  u(t)  is  given  by 


u(t)  £ 


(224) 


and  the  acceleration  u'(t)  is  given  by 
u’(t)  -  ^  l 

h. 


(22b) 


It  is  to  be  emphasized  that  VQ  in  the  above  equation  is  the  actual 

total  volume  behind  the  projectile  as  it  sits  in  the  gun  before  being 
fired.  It  will  not  be  exactly  equal  to  the  actual  chamber  volume  in 
those  cases  where  the  base  of  the  projectile  initially  juts  out  into 
the  powder  chamber  or  in  those  cases  of  separate  loadi.ng  in  an  old  gun 
where  the  projectile  is  rammed  in  until  the  rotating  band  comes  in 
contact  with  the  origin  of  rifling.  Now,  however,  we  must  express 
the  functions  F5(r)  and  F9(r)  in  terms  of  Departure  of  Fs(r) 

from  constancy  arises  from  non-uniformity  of  cross-section  and 
departure  of  Fg(r)  from  constancy  arises  frer  non-uniformity  of  cross- 

section  and  gas  friction.  We  have  treated  these  effects  in  Chapter  IV 
in  terms  of  a  definite  model  for  which  V  =  AjL  and  V  -  AjL  +  A2s. 

Thus  for  such  a  model 


Aib  t  A„s  „ 

-1-rr-^  =  n-  f-  =  i+  r. 

A-i  L  ho  o 


(210) 


r  =  c(C  -  1) 


(226) 


If  uc  now  express  l'g(r)  and  j.11  llq,  (227)  in  to  ..is  of  and 

B^(r),  divide  tin ough  by  l'g,  .-«nd  defire  an  c eco  ve  ye  by  l be  equation: 


Vic,  (Y  -.1)  ^  Y0  -1 


(232) 


we  obtain  for  the  energy  equation: 


»  vcr9 


b,(r)  [t  -  ---  0  H  nC f  t  I//  }2(i*)  (,'  -  1)V;  (?3i) 

j  ,  o  I 


'i'ho  pressure  equation  becomes 
.  -  ,nVo  ?9 


*3>>C 


(  23*1  ) 


The  rat e-of -burning  equation  becomes: 


1  i 


li.  ..  I' 


dz  _  j 
df 


bmVQ  Fg 


B  (r)  i 

J 


(23b.l) 


(23S.2) 


The  choice  of* constant  values  for  Fg(r)  and  ?5(r)  leads  to 
the  value  unity,  for  Bj  (r)  and  B2(r).  Replacement  of  the  functions  F\,(r) 
and  F^(r)  by  the  functions  B^(r)  and  B9(r)  should  make  the  effect  of 

the  parameter  occurring  therein  somewhat  ’weaker,  i.e.,  less  effective 
in  governing  the  behavior  of  the  equations. 

2.  The  Free  Volume  Expansion  Ratio 

Roggia  i:i  his  system  of  interior  ballistics  used  a  di¬ 
mensionless  travel  variable  n,  defined  as  the  ratio  of  the  free  volume 
at  time  t  to  the  initial  free  volume.  On  Roggla's  assumption  that  the 
co-volume  is  equal  to  the  volume  of  the  powder  burned,  the  free  volume 
remains  constant  from  the  beginning  of  burning  to  the  beginning  of 
motion.  Thus  Kogcla  could  take  his  initial  free  vol"* e,  i.e.,  his 
free  volume  at  t  -  0,  the  beginning  of  not  -'on,  simply  as  VQ  -  C/6. 


As  soon  as  one  att  iiupts  to  improve  Hoggin* s  co-volume 
assumption,  hcc.vwr,  one  runs.  info.  cc::.piifatjo>!o  v/jtli  the  use  of  the 
f vcivii.e  c;:p  tr,  ■  an  rat’o  a.-  a  trawl  variable.  Thus  the  free 
volume.  not  ;<•:.> «.in  const  nt  fvo.u  the*  beginning  of  burn  J ng  to  the 

beginning  of  motion,  lie  nay  of  course  use  as  "initial 11  value  of  ft 
the  value  of  ft  at  the  beginning  of  burning,  via.  • 


ni  *=  Vo  -  c's 

The  free  vi.'*v  m  c.:p„-;sio.;  ratio  n  wi.U  then  1h*  given  by: 
n  =  ft /ft. 


(236) 


(237) 


The  difficulty  then  arises  that  at  t  -•  0,  the  value  of  n  is  not  known 
accurately.  It  will  be  somewhere  near  the  value  unity,  but  wiii  vary 
from  case  to  case.  Furthermore ,  the  equations  become  much  more 
complicated  than  those  above .  In  order,  therefore,  to  preserve  some 
of  the  simplicity  of  Roggla 1 s  treatment  without  using  his  incorrect 
co-volme  assumption,  we  proceed  to  the  introduction  of  a  new  di- 

r.CI"*.  ’  ’  f'l • „ "}  r  *,  ;;  ^  >  -  ** r  j  1  t-»  ' 

3.  The  fiji  -nci  s  Vrsve'  Var.uM*'*  C 


Also,  let 


Let  G  be  the  value  of  G(s)  at  some  point  in  the  trajectory. 


,g  =  1  _  (i  +  cxG) 


(238) 


(We  do  not  have  to  save  the  letter  g  for  the  acceleration 
of  gravity,  since  the  latter  could  enter  into  interior  ballistics 
only  when  effects  due  to  elevation  of  gun  are  considered,  and  such 
effects  are  always  negligibly  small  in  interior  ballistics) .  Then 
with  4  =  V/VQ,  the  total  volume  expansion  ratio,  we  define  4  as: 


,  r  a,  .  i 

4  =  i  |4  -  ~A-  (1  +  cG)  =  1  +  1/g  (4  -  1) 


(239) 


Then  the  time  derivative  is  given  by: 

k  -  i/e 


(2,I0) 


Initially  4=1  and  4=0,  so  that  the  initial  values  of  4  and  4  are: 


?o~  A 
Cn=  0 


(241) 

(242) 


If  we  were  to  assume  that  a  =  0.  we  should  have: 
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(243) 


r  =  £  "  A1  ^  ~  V-C/5 

’’ci-o  X  -  Aj  /6  y^r/c/’S'" 

Thus  C  is  a  .linear*  function  of  the  total  volume  expansion  ratio 
satisfying  the  initial  conditions  C0  ~  1  and  tQ  -  0,  and  reducing  to 
the  free  volume  expansion  ratio  n  H. KoggJa’s  assumption  ci  -  0  is  made . 

To  obtain  the  equations  in  terms  of  c,  note  that  Eg.  (239,)  can  be 
solved  for  $: 

C  =  1  -I-  z  i)  (2,l,t) 

On  inserting  Kq.  (244)  into  Kqs.  (233),  (23’.),  and  (235),  one 
obtains: 


XA, A^G( x) 


mV0g2F5 

where 


-  =  Bl(r) 


h  = 


P  - 


5  ~  h(G  G) 


h  a 
<$  '  g 
mV0g  Fg 
'hi 


C  +  1/2  B2(r)(ye  -  1)*C?  (245) 


bj (r)r' 


(296) 

(24?) 


dz 

dt 


mVQg  FgB1(r) 

b  ”rr - 


BmVogf  9B1(r) 

Cv  +  - — - ? 

A2 


(248.1) 


(248.2) 


Note  that  if  a  vanishes  that  h  also  vanishes.  In  such  a  case  the  entire 
right  side  of  (245)  is  free  of  terms  in  z.  When  a  is  correctly  treated 
as  non-vanishing,  then  h  remains  in  the  energy  equation  and  there  is 
some  explicit  dependence  of  the  right  hand  side  on  z.  The  factor  of  b, 
however,  viz.  g  -  G  changes  sign  during  the  motion,  so  that  is  is 

reasonable  to  believe  that  a  proper*  choice  of  G  will  minimize  the  effect 
of  h  in  influencing  the  solution  of  the  equations.  In  fact  the  term 
h(G  -  G)  become  small  compared  to  C  not  far  beyond  the  pressure  maximum, 
and  is  appreciable  corrtparocl  !o  Q  only  on  the  initial  ci.de  of  1)1  ig 
pressure  maximum,  it  appears  then  that  a  value  c*f  G  ac  some  point 
between  the  start  of  the  motion  and  the*  occurrence  of  maximum  pressure 
should  be  chosen  for  q. 
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Such  a  value  of  G  will  bo  soMcwhci l  less  than  1/2 }  pciinps  l/ll.  It 
should  bo  iao»ilicn  *d  here  that  I5edv-.;*iek5‘  chose  a  travel  variable  that 
gave  r-i:v  to  a  f/t.o-vo3uKv  t«  >■; ;  resembling  our-s  in  containing  G  -  1/2. 

In  or«lci  to  express  B^(v)  and  ( r* )  as  functions  of  t  wo  need  also 
the  equation  connecting  r  and  xj .  1‘noi.i  Eqs.  (226)  and  (2‘ih)  v/e  obtain: 

x'  -  go(c-  1)  (2<l9) 


50 


r 


Chapter  VIII 

Dimensionless  Time  Variables 

Y/e  now  .consider  various  means  of  inti  hieing  a  dimensionless 
time  variable  into  the  fundamental  interior  ballistic  equations.  To 
do  so,  let  uc  first  define  v  to  be  some  constant  quantity  having  the 
dimensions  of  the  reciprocal  of  a  time.  Then  we  define  r  by 


T  2  Vt 


(250) 


VJe  continue  to  indicate  derivatives  of  dimension] space  variables 
with  ro&pecl*  to  t  by  superscript  dots,  and  now  int-r^uce  the  now 
convention  that  derivatives  of  such  quantities  with  j aspect  to  r  shall 
be  denoted  by  primes.  We  have  also 


Thus 


£  n  v£ 
dt  dr 


k-  vC' 


*•  O  '» 

t  -v?i 


r,  =v.O 


••  O  // 

r  =vzr 


(251) 

(252.1) 

(252.2) 

(253.1) 

(253.2) 


Then  Eqs.  (23h),  (235),  and  (236)  involving  the  total  volume  expansion 
ratio  £  become: 


EG(x)  =  B1(r) 


A1  .  1 
^  j“  Cl  +  a  G)j 


?"+  1/2  B2(r)(ye  -1)C‘2  (25*1 ) 


p  =  PB  (r)€* 


d  z 
dt 


f  QB"(r)c" 


% 


< 


or 


^Qo  +  QBx(r)C,  j 
where  the  "energy  parameter" 


(255) 

(256.1) 

(256.2) 


E  = 


XA1A| 

mVor9v2 


XA, 


(257) 


the  "pressure  parameter”' 


P  = 


mvo  r9v2 

A2- 
2 


(258) 


51 


L 


and  the  "quicknesses" 


q  r  S'-,?1 

x  VV 

Q  =  SO 
v;v 


(259.1) 

(259.2) 


The  parameters  Q0,  and  Q  are  dimensionless,  but  P  is  a  pressure;. 

For  the  second  ruic—of -burning  law  the  exponent  n  in  Kq.  (259.1)  is  to 
)h:  to  unity. 


On  introduction  of  x  the  equations  in  C  become: 
f  -  1 

KG(x)  Bx(r)  j  c  -  h(6  -  6)  ‘  c'l  1/2  Ib,( r)(yc  -  DC'2 

p  -  PBx(r)C(’ 


|  QBj< 


(260) 


(261,) 

(262,1) 


Q  +  QbpCrK' 


(262.2) 


where 


AA,A2 
1  2 

mVog2'F9v2 
mVog  Fgv2 

■  *r  “ 


Q  -  ^  P!1 
wv 

«  -  2a 


(263) 


(.264) 


(259.1) 


(259.2) 


It  is  instructive  at  this  point  to  make  comparisons  with 
Bennett.  With  Bennett  the  functions  Bx(r)  and  I^tr)  are  unity,  ye 

is  fixed  at  1.30,  and_the  first  of  the  rate-of-burning  laws  (256)  is 
used.  His  values  of  Fq  and  Fg  also  correspond  to  fp  =  0,  o  =  1,  and 
k  =  0,  i’.e.,  to  neglect  of  gas  friction,  non-uniformity  of  cross-section 
and  of  heat  loss.  His  procedure!  amounts  to  using  the  F,  equations, 
choosing  v  in  such  a  way  that 


p  =  V/*s  »• 


(205) 
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where  PQ  denotes  unit  pressure  in  a  standard  system  of  units  (lb/ inl¬ 
and  As  denotes  a  standard  value  of  the  "force",  From  Kq.  ( It) 

A  »  (y  -0} ,  ancl  since  ho  always  Lab'S  y  -  1.0,  ho  lias 

A  _  f-  '  <26C) 


where  CQ  is  a  standard  value  of  the  potential  ■'  5  which  corresponds 
formally  to -his  specific  energy  »*.  In  this  connection  note  the  rcm'jk 
f o3.3 owing  Kq.  (30),  Then  i re:  it*;:.  ( 2 :»7 )  and  (200), 


E=  Vi 


(267) 


The  energy  equation  then  contains  only  one  parameter  A^  y  which  together 
with  the  quickness  Q  in  the  rat e-of -burning  equation,  gives  a  differ¬ 
ential  system  with  tvio  strong,  parameters  '(Aj  and  Q). 

J >r  order  to  get  rid'  of  a  v;eak  .pv.tv.’  etcr  that  might  be  brought  in  by 
initial" cor. iitfons,  he  assumes  -fch-.t  th**  initial  prosnirv  is  universal , 
except  for  jr  r  vrlJ  anr.3ity  to  vr,-_  "fo- .  '.hi: :  Ly  a:  >j  .:ii.g  that  th<_ 

initial  pressure 


Pj  =  '2500  I0A/>-s. 

he  obtains  a  universal  initial  value  for  5",  viz.  250ft.- 


(268) 


-,v  By  a  "strong"  parameter  we  mean  one  the  variation  of  which 

will  produce  large  changes  in  the  so3.utidn  and  by  a  "weak"  parameter 
one  whose  variation  will  produce  only  small  changes  in*  the  solution. 

Now  the  parameter  F  does,  not  occur  in  the  equations  Vnat  have  to  be 
integrated,  but  only  in  the  equation  connecting  actual  pressure  p  with 
^'tabular  pressure"  §‘V  One  might  thus  imagine  that  it  would  pay  to 
choose  v  iii  a  different  manner,  viz.  ly  setting  equal  to  unity  one  of 
the  parameters  E  or  Q.  With  the  C  equations,  hot  -ver,  .nothing  -would  be 
gained  by  such  a-  procedure,  since  the  parameter  would  still  be 
left  as  a  factor  of  1  +  ct  G,  and  would  presumably  have  a  strong  effect 
on  the  solution.  Thus  two  strong  parameters,  viz.  Aj  end  either  C  or  0 
would  still  remain,  and  they  would  be  independent,  since  the  relation 
(267)  would  no  longer  hold,  because  Eq..  (2£->)  no  longer  holds. 

the  situation  is  different  with  the  c  equations.  In  order 
to  compare  with  Bennett  wo  again  assume  that  the  functions  B^(r )  and 

JSgCr1)  -ace  unity,  that  yd  is  universal,  and  that  the  first  rate-of- 
burning  equation  is  used.  Instead  of  having  a  strong  parameter  Aj 
multiplying  1  .+  a  G  we  -now  have  a  weak  parameter  h  multiplying  G  -  G. 
Choice  of  V  equal  to  PQ  or  to  F0  would  still  leave  two  strong 

parameters  E  and  Q. 


Mow,  however,  if  wo  choose  v  in  such  a  way  as  to  make  K  “•  1  or  Q  =  1, 
we  reduce  the  number  of  sir on:;  parameters  by  one.  Thus  the  C  equation 
should  bo  a  greet,  improvement  over  the  £  equations. 

There  is  still  another*  way  of  ved-uci ng  by  one  the  number 
of  strong  parameters.  This  is  a  method  which  under  certain  special 
conditions  reduces  to  hoggin's.  To  obtain  the  Roggla-typc  equations, 
differentiate  the  energy  equation  (260)  with  respect  to  r  .  Then. 


KC'CfO  -  4- v.) 
di  dr 


(269-) 


G '(z)  f  <L  G(z) 

da 


(270). 


and  J(c,  a)  ?.  BjCr)  J-h(G-G)jC"  +  1/2  B2#(r)(Y0  -l)r,!?*  (271) 


No w  insert  Eq.  (262)  for  into  2q«  (269)  and  call 

dr 

.G’Cas)  _  ,  , 

G'  (.O')  ~  aK(-‘) 


(272)’ 


f »J(r)C"n 


EG’(0)aR(a) 


(  =  1.  J  ( C ,  z) 
f  dr 


Q0  +  QBn,(r)c" ' 


Now  chods  2  v  in  such  a  way  that 
EQG'(O)  =  1 


(273) 


(274) 


f  Br(r)C"n 
i  y 


eR(s ) 


i  l 

/  .%.  +  B rMC‘  j 


(275) 


J.n  the  above  equations  Gf,(0)  is  the  value  of  G 1  Cz)  for  51=0,.  ire.,  at 
the  begirn’ng  of  burning:  Moreover  ctg(z)  is  equal  to  the  ratio  of  the 
powder  surface  0  at  time  to  to  the  powder  surface  0o  at  the  beginning 
of  burning.  To  see  this,  express  the  mass  of  powder  bui'ned  in  time  dt 
in  terms  of  both  G'(x)  and  the  surface  0.,  Thus  the  mass  burned  is 


CdG  -  CG'(x)  dz 

Oddx  =  0$H  dz,. 
2 


(276) 

(277) 


where  6  is  the  mass  density  of  the  solid  powder*  and  d>:  is  the  linear 
distance  burned.  Thus 


CG'U)  =  0<5  1 
2 


(278) 


CG'Co)  >  6ot  * 


(279) 


On  dividing  Kq.  (278)  by  Kq.  (279)  and  using  the  definition  (272) 
one  obtains: 


aR(*0  -  0/0o 


(280) 


Thus  for  powder  of  cons  Cant  burning  surface  ctj, (v.)  remains  equal  to 
unity.  Moreover,  o^(s0  corresponds  to  Roggla's  a  which  he  takes  to 
be  a  function  of  expansion  ratio.  It  is  seen  that  such  an  assumption 
is  false;  aR  is  a  function  of  a.  In  the  event  that  one  can  use 
constant  values  for  FgOr)  and  KgCr),  the  functions  B-^(r)  and  ^(r) 
reduce  to  unity,  so  that 


(\"Xi 

aR(z)Jor  [  ,r,-h('G-G)’  e  *  1/2 (y&  ~1)V2 

/Qo  A 

Itt-  +  C”; 


(281) 


If  one  chooses  the  first  rate-of-burning  lav;,  assumes  constant 
burning  surface  so  that  a?(z)  ~  1,  and  makes  Roggla’s  co-volume 

assumption  a  -  0  so  that  h  -  0,  then 
o  T  ”1 

S"n  =  jU*'  +  1/2 ( Ye  -DCf?j  =  Ct:" 1  +  ;YC  C’t"  (282) 

Eq.  (282)  is  the  Roggla  equation  in  the  universal  form  due  to  Kent10 
Eq.  (281)  or  the  more  general  Eq.  (275)  gives  the  form  for  use  when 
the  co-volume  is  properly  treated.  If  the  surface  is  not  constant, 
one  must  use  also  the  rate-of-  burning  eouation: 


!  ,QBn(r)c"n 
i  1 


(256.1) 


^  oi>  f 

1^  Qo  +  QB1(i*)c";  ». 


(256.2)/ 


10R.  M.  Kent,  B.R.L.  Report  No.  :t8  "Roggla’s  Equation  and  its 
Application  to  Interior  Ballistic  Problems  (Revised)",  July  3,  19b?.. 
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According  to  the  above  treatment  it  will  be  noted,  on 
inspection  of  Ku .  (?&v),  that  even  for  constant  burning  surface  the 
impr: trv  t  of  co-volv.%  r.-ccssitat'.c  tr.a  integration  of  too 

fell v.i."  f r ^ the  fact  lh:t 
-Ul  5;  lie.:  by  ?  -  G,  a  function  of  k. 
to  Farciiny,  which  '-vice1  ?  the  problc . 

'n  ’.he  rui face-  is  strictly  constant. 

••-v  .v  j  the  Zarocdny  equation  appears 
to  be  much  more  complicated.  In  view  of  the  fact  that  there  is  no 
powder  in  use,  except  possibly  flake  powder,  which  approximates. at 
all  closely  to  constant  burning  surface,  it  seems  highly  improbable 
that  Zaroodny’s  equation  offers  any  practical  improvements .  This 
statement  is  further  strengthened  by  the  fact  that,  as  pointed  out 
above,  the  co-volume  correction  can  be  largely  taken  into  account 
merely  by  the  equation  for  tabular  entry  without  any  explicit 
correction  term  in  the  system  of  differential  equations.  The  latter 
then  reduce  to  a  single  equation  if  constant  burning  surface  is  assumed, 
it  hardly  seems  worth  while  to  treat  co-volume  exactly  ’without  taking 
into  account  the  var* ability  of  burning  surface.  As  soon  as  one  decides 
to  treat  the  burning  surface  properly,  one  sees  that  the  above  system 
of  equations  is  far  more  practicable.  For  completeness,  however', 
Zaroodny's  equation  will  now  bc„prcscnied .  To  obtain  his  equation, 
begin  with  Fq.  (260)-,  choosing  G  =  0,,  and  solve  for  EGCx).  One  obtains: 

BlCrkt"  •»  IP  Bj>(*-)-(Ye  -1)5’ / 

(2S3) 


LOU) 


1  + 


E  *’3 


(r)c" 


Next  differentiate  Fq.  (26?)  with  respect  to  z,  place  G'(z)  =G’ Co)o^('.i) , 

insert  lh<i  rate -of -burning  ea.'*t lion  (256),  and  make  the  Roggla  choice 
for  Vi  j.e.,  choc-sc-  v  so  that  F ?”■ 1  ( 0 )  -  1.  Then 
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(?R*0 


,  ,  |  /  d  i’i (i*)v *’  +  .v^.(i)(vt  -m*2  I  ,  _ 

au(fi)  yl  or  '  "  ij_  _J_ _ _  /. _ > _  C?fcJ*) 

'  \  \  ’L  1  *  J 

for  var-hthh.'  burr*.*  ;  r.-ov  th\  f-ct  :>r  <.,(;■)  «.i  the  3'  't  Iru;'  r  :  'r> 

l!ccc»-rii,;iv';  the  rir.’J-i  tai.e.v.rs  tf  the  r^i  -I  u..-ni:  j,  e^eat  fw 

ccnstctnl  burning  surf.-ce  c»r‘-  t.c::  ca  *y  «.  j»_.  ii.volv.  ,  s*o  th  t  on 

has.  only  a  single*  d’i  5<x>x.TiliCl  equation.  /»r.tuc.l3y  Zn.-oxny  did  n:>1 
choose  v  in  the  drove  ciannar*  but  left  K  as  a  faciei'  of  c”n,  thus  h^vin, 
a  strong  parameter  Y  in  the  equation  instead  of  the  weaker  purar.c-lev 
h/E.  Eq,  (28!»)  is  thus  Zaroodny's  equation  as  no  3  if  j  eel  by  the  author. 
The  complications  above  referred  to  arise  from  the  required  differ¬ 
entiation  of  a  fraction. 
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(28b) 


where  a  and  b  are  the  constants  in  the  law  f*i:  _  3  +  ^ .  giving  linear 


rate-of -burning  as  a  function  of  pressure.  Also,  when  the  second  rate- 
of-burning  equation  is  used,  we  must  put  the  exponent  n  =  1.  The 
formulas  for  P  =  Pc  or  P  =  PCXAS  are  not  included,  since  such  a  choice 
leads  to  an  additional  strong  parameter.  In  writing  down  the  formulas 
for  the  Roggia  case  EQG'(o)  -  1,  we  use  Eq.  (279)  to  express  G'(o)  in 


terms  of  the  initial  burning  surface  0o. 
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Ky.  (232) 


Chapter  IX 

Strong  it,.-  K>.  d  . :;u.i  Cord*  :Ic-n./ 

Let  us  i <*■.  the  ofi'cvi  o"  l s ■  p.  - .  -l>  r  *jv.  by 

Ye  -  1  =  (Y  -  l)dV?s), 


where  F‘,  and  Ft.  si  •  th  .  vs  *-«r  ihe  f v::~  ■  ' Fi(’) 

and  r*(r).  it!.  ..?*  j  .  ’  •}*<•:.:.  .  ‘ 

of  cru-ss-scatioi*.  Then  ly<;  )  van*  '>Lce  !  i'£(i  },  }’>:••..  (207)  r.n  ? 

(2.13),  reduces  to  ro(r).  Vtic::  -  ; -c , >  1  i«*»  b.ve  thi  Vjl’v.*: 

—  f  ~  w  , 

r5  -  — ■*_  ;  n  *  +  f3  tan%  +  k  -t  «  O.  +  .c_  ?  i  -  * - ' 

5  (1  +  e0K  ...  _  1  T  61  2  3(1  1  t0  ) 


?9  =  B 

1  S 

Hi  a  t 
m  L 

C*  _ 

3 

.it  (1  4-  £.  )  (1 

Vty  2 

+  ) 

2  !:  9 

where  oQ 

=  H  ( 

3  +  5 

2 

).  On  n 'gleet  inf. 

recoil  or. i  us'r.g 

the  cq’*nr5»  r< 

o' 

tn 

..If 

—  4-  T 

»"  +  fi  tan2  ,}l 

(169) 

we  have 

e1  -  C/m’ 

Fcj  f*  1  +  P  * 

f  tan '  »  +  k 

♦.  ! 

(171) 

(286) 

-»• 

h 

1  +  V* 

+  f,  tan2  +  ~ 

1  r  3 

(287) 

Thus 

L/IV 

*1  *  . 

k 

(28«.) 

1  +  u’  +  fi  tan/-„  + 

A  r  3 


--'1  +  k 


^1  -  p'  -  fj_  tan?  -  £  +  higher  order  terms ^ 


(289) 


In  general  the  passive  resistance  term  ji  *  and  the  rotational 
term  tan2  :-r  will  be  small  compared  to  1,  so  that  approximately: 


i  +  k  'i  -  r>  +  c 

1  T  k  L1  3  9" 


(290) 


For  large  guns  the  heat  loss  coefficient  k  may  bo  small 
compared  to  3;  for  small  arms  it  may  reach  ihe  value  Ordinarily  e 
will  not  exceed  1/3,  but  recent  high  velocity  guns  in  :*:n.o  cases  use  a 
greater  mass  of  powder  •Hian  cl  projectile,  so  that  c  r».y  reach  or  exceed 
1  in  those  extreme  cases.  In  any  case,  either  from  Kq,  (286)  or  from 
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l.q®  ( •’  0 ) ,  o:‘f-  u*  .  fl.-m  the  rrlurv  of  r5/rq  frw  unity  depones 

*y  h.  •  L  k-  ‘,  in  c:  -  *  ,*  vl.<  •  -  j.e  .  friction  ai;l  iicir4-  vi:iif'.*.:ixty 

°f  4  ’  * 1 •-  it  i'1-j  :  *  lu.n  tint  Wtrfetion  of  y0 

fi  ou  tr..'  ,  will  «*.;•  *n:4  1  Vv.<- 3  y  on  the  h*ai  .lcCis  coefficient  h. 

In  gen  _  _j  the  ion  it*  y  is  so  ill  ,  the  variation  for  l  ist!  powders 

orJ?roeily  bein’,  f re about  1.24  to  l.?3.  Thus  for  large  guru*,  (jkbwsI-I  k) , 
one  r  ,;  ,'  t\j  «.  -,y.  to  vary  only  over  a  c*  nil  range ,  so  that  probably 
tv:a  v_  i:  o*  yt.  i-om'd  be  Knffieicut  in  .inh  a  table.  For*  sim.-H 

1  "■  -  *-"'*  k  w***  I '•  *  .*■>.*  tr«,  i-j,  jj,  yc 

v;  ,i  *  •  y.  f-'V.i  1 . V  to  1  .ft  at  interval's  of  0.£b  v..\  bo 

n  r_  ‘  ‘«.  *r*  t‘v:r  *-  ’•  .-cnl/cDy  a  strong  praV'-tev  Which  he:-;  to 

Lc*  *nl.  "•  r.  .*  to  -ve  the-  t  h  o.  heat  Jo:  •*. 


Tiie  fun-  tionc  h,  (2  )  and  Li^Cr) ,  are,  respectively,  the  ratios 
of  Fg(r)  and  F^(r)  to  their  best  constant  values,  how  from  Chapter  VI 
tiio  function  Fg(r)  is  seen  to  depend  not  only  on  k ,.  but  also  on  the 
part"  fv  t  era  »;*  +  f  j  tar/  '  r~  n”,  n/niy,  c,  and  0.  The  function  Fg(r) 

!jr  -  *•  T  *  r "•  *■  j  r . ■;•  Cir.'i.i  only  on  5.",  rr:/r.,y,  e,  and  0, 
but  c.  •••:.  :  /  cr  I  rj;.  sri'I  ee.'.i.  that  tl  :•  b.-.-t  constant 

Vi; 3 in.--  i  ^  and  1 5  can  It.  fount  in  to/ ■•vs  of  these*  sate  parameters  olus 
one  cl!/,  r  i  -n  «■'-  ,c:  ,  via  the  latio  of  the  total  travel  S  to  the  chamber 
length  L  or  to  the  bore  diene Ler  D2;  S/D«  is  the  length  of  .the  bore 

in  calibers.  Altogether  then  the  functions  B^Cr)  and  B2(r)  depend  on 

the  eight  parameters  k,  p",  m/^,  e,  a,  r FL/D2 ,  rm,  and  S/D2.  The 

facts  that  B-^(r)  is  the  ratio  of  F^(r)  to  its  best  constant  value  and 

that  i*2(r;  is  the  ratio  of  Fg(r)  to  its  best  constant  value  should  serve 

to  make  the  variations  in  B^Cr j  and  B?(r)  small.  Thus  each  of  these 

eight  parameters  should  have  only  a  small  effect  on  the  solution;  i.e., 
each  one  should  be  a  weak  parameter  as  regards  its  influence  on  the 
solution  through  R^(r)  cr  B^(r).  k  is  not  a  new  parameter,  since  it 

occurred  also  :n  ye.  The  functions  By  and  B2  thus  introduce  only  seven 

new  parameters,  and  this  number  will  be  reduced  to  six  if  we  adopt  the 
value  rm  =  o/2,  suggested  in  Chapter  VI.  In  the  event  that  By  and  ?2 

may.  be  chosen  equal  to  1,  all  these  parameters  disappear. 


The  coefficient  h 


of  G  -  G  introduces  only  one  nev; 


weak  parameter,  vix.  Ay,  since  g  is  a  function  of  Ay. 

The  choice  C  “  1  leaves  Q  as  the  only  strong  parameter 
(besides  ye). 


eo 


The  choice  Q  =  X  leaves  £  a* 5  the  o»3y  strong  p.U'.  i cr  (besi<Jk*r  yc) . 

The  choice  E^*(c)  =  1  lecws  Q  „  a  f.h'.i,.  Ur  in  th<  e. of 

varied*!  ••  btir.sii.g  avf f.-tv.  lor  con  t;.t  <:  sh  '  - ;  ctni  l.  i.t 

s*  I’JitC'  it  lenw.  (]  as  ii  :.c_I  pc»w-j--Ur. 

In  general  the  initial  conditions  will  ir it»*c>J»:cv  if?;  ad¬ 
ditional  weak  pav.5s.eter,  the  initial  urs.  ,.ur.-  pjj  or  the  Julio  pj/i’ 
of  initial  preesruvt*  to  the  pressure*  pa Ur*  I'.  ltc; *  Tq.  (26!-) 
we  have: 


ft* 


n 


N 


Pi  s  5'i;i(‘0  f-”o 


(??!-) 


Itj(o)  is  the  initial  val :>•  oi  i  j  (j  )  cr.  ’  c  ■  o.r-.y  j  .t»\r..s  Ur-s 

already  considered.  ;„"0  is  the  initial  valu-  cf  g". 

In  coi-aidering  the  possible  choices  of  initial  pressure  it 
will  be  useful  to  consider  t be  situation  ir  the  special  Reggie  ease 
cf  a  uniform  cross-section,  with  neglect  of  gas  friction  and  with  the* 
co-volume  taker,  equal  to  the  velum  of  re*.  r  Irzuei.  If-  trie  first 
rstc-of -burning  l«w  is  uru<  there  «•'•*?•'}  U  in  rr  t  a  c-.  -»*  1 


c  c  ■■  •'t  jc  r» : 


sr;»Ts  -  r  r£,  r  •• 


-  Cr/".  -r  ye  g'c" 


Kith  fixed  valce.r  of  a  and  v(,  tv  is  is  a  v;,vv< r.  :1  cqxatUn,  fv  that  uh 
of  a  universal  value  for  ?”  leads  to  a  universal  fcwiiaura  value  £,"aX  t. 

Ir.  such  a  case  the  use  oi  a  universal  value  for  Cjj  is  equj.va.cent 
to  the  assumption  that  initial  .pressure  is  proportional  to  maximum 
pressure-,. 

■Without  the  above  assumptions  of  the  simple  hogglr  theory 
one  docs  not  get  a  universal  equation,  so  that  a  universal  will  not 
lead  to  a  universal  5jgax  .  In  general  then,  the*  assumption  of  a 
universal  C©  r'°^  equivalent  to  the  assumption  of  proportionality 
of  initial  pressure  to  maximum  pressure.  Since  the  assumption  by 
Roggla  and  Kent  of  such  a  proportionality,  however,  was  made  solely  to 
secure  a  universal  f £  ,  it  would  seem  pointless  in  the  general  case  to 
preserve  this  proportionality  and.  thus  lose  the  universality  of  Cq  » 

A  priori  the  latter  assumption,  and  furthermore  it  has  the  merit  of 
reducing  by  one  the  number  of  weak  parameters., 

The  assumption  of  a  universal  value  for  C",  is  probably 
incorrect,  since  it  leads  in  Hogg la’s  special  case  to  yhc  above 
mentioned  proportionality  of  initial  pressure  to  maximum  pressure, 
and  such  a  result  appears  to  be  non-physical .  Although  Hoggin’s 
success  indicates  that  initial  pressure  is  not  critical,  wo  may  perhaps 
improve  the  treatment  of  it  as  follows.  Physical Jy  more  reasonable 
than  the  proportionality  above  mentioned  would  be  the  assumption  of 
a  universal  initial  pressure.  A  little  less  reasonable  assumption 
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v:o  ;ld  L-(.-  tii.: I  initial  .proswe  i.«j  proportional  to  the  H£oi?acM  but 
eft »/..*' n»ii vtiv.'st,  y*  tin*  i  ■*.;;£  for  po"ivy*  of  given  force 

Yii’f.  tv £o)j  h  I1-'  vf*  o'  ?v  lue  *ty;  the  nurber  of 

v  .  ;•  •  .  I  .  •:  ^  ft  t.y  b-_-  i  c.e:.’b.  Z  that  d;;4cs  ouch 

on  a'  4  >.  -Vu»  Yjj-*,  »  ."f  tc  is  si'-i-Jar-l  v*Out,  c /*•  A  and  p3  a, 

5.ta.r« J  ..  value  ts  initial  pressure.,  v,c  assume  that  the  initial  pressure 


M-:  ...  } 


r,i  *  p0 


I'i  -  k-j'.o):S 

i  i,  ..  AAy 


Frw*  In-- a.  three  ecuations  v?e  readily  obtain; 


ru  _  Ps 

'°  "  W°>“ 


(£92) 


(221) 


(223) 


Thu •>  ?  -  u  i c -=v.:  j.  ir.it .*  0  j.r<vuurs  3 cs.ds  to  the  result 

the'.  <r,;J  i'.  _  ac-’  ..  only  of  K.  ,:  >.■.• .  elic-iy  invroitced ,  so  that  it 

reduce  ■  Jy  f>.if  the  nu,  tor  of  j.a' ter  s*.  The  essy Motion  of  strict 

uxi.f.t  reality  o'  ii.it  "al  pres;-vr  o  vrouli  not  lead  tc*  such  a  result,. 
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Chapter  X 


Use  pS  an  Ie::ray'»-:-  Equation  o?  fttetc- 


of  the*  type 
where 


ptt  =  ICG, 
’fi 


ft  V 

*3 

V,  ;..-  ••-  ;  ti; .  <r '•  cf  ■■ 


r 

1*  -  m 


-ictt'I  it*  ci 

i  i-qu:.  t  x  >"n  of  c'aifc 

- 

(290 

cel 

W4>v~  ‘ 

U  i  * 

(296) 

il 

-  --  :  *  ■:  '  A  • 

«...  <*  %  a  *  "  *  .*  P-  -  *  *  t 

tT. 

liy.  U,  '  '  L  lc 

28£  by  tV  ou .  bar  ’t 

s.-ai!  •  c-rui  thit  C'  -e.-; 

fi‘  =  V  5a  -  ftil.  1  n2  (?£)*  (2%) 

g  1  •  vg  Vg  - 

Weighted  averages  for  the  two  sixes  of  cli&sbbr  used  by  C rev/  and  Grinsshsi.' 
give  for  numerical  values: 


'E  y 

_  ___  _ two  si 

numerical  values: 

Eq  (295):  r)i  ~  1.07»»  0.021  cn5/?;:s 

i:q.  (2&b):  ,j3  »  .1,60  *•  C./Jt  cc  '/.y;. 

.  rtg  -  1.51  -  0.?1  eme/g,;r 

For  the  ft  of  Eq«  (255)  v;l‘  have  written .  as  (1  *  e)/6,.  so. 

that  the  values  <5  =  iiS3  gra/ca3  and  r,^  =  1.070  cmfygw  lead  *o  a  ‘s  0.70. 

Jf  we  now  represent  the  nj  occurring  in  the' ft1  of  Eq.  (290  by 

(297) 

Let  us  also 


tl  a  1  +  c* 

"i  ■  — s —  • 


+  6 

r*e  find  c’"  -  1.3-7.  for  nj  >  1.50  cm3/gra  and  6  =  1.58  gm/cm3i 
ie'f  i  ne: 

-  ’b\  —  * 

g»  5  1  -  Jc  (1  +  a'  G) 


_  h  «» 

ir  * 


h«  =-  a 

(S 


(2.98) 

(299) 


corresponding  to  the  g  and  h  of  has.  (238)  and  (24o) ,  the  differ- nee  be  in 
that  we  nov;  use  the  value  u  ’  instead  of  a.  As  before  we  Jet  V  denote  the 
total  volume  from  the-  breech  to  the  base  of  the  projectile. 

We  now  consider  the  changes  that  have  to  be  r-ade  in  the 
interior  ballistic  equations  when  Eq.  (255:)  is  replaced  by  Ecu  (296) . 

Only  the  energy  equation  is  affected,  and  it  is  affected  only  through 
the  term  containing  ft.  V,'e  have: 


yt  *v-§ 


(300), 
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‘Ccnhiiutica  of  Eqn.  (300),  (255),  an'i  (29?)  give 


«*  »  V  -  y  O-  ■!  e)  V  ^ 


ncGzG:> 


=  Vjt  -  *“  ( -  •»  *'  «)  + 


wr  (  3  r  cT 

6 

Vj  62  ■' 


'o  '  '  “  $  v  *  *  W-  +  r— 7" - 1 - 1, 

L  i  ~  ~a~co  .. 


(302) 


v?k-  .  V.  is  -•’■■  .1/  veK  f  ?r  t  !  “s  tcUl  volute 

kv.k  ./.„.  -r-.'  s;  - 


£~  v-i  O  •:  £t  G) 

6  ,J 


(239') 


f  -  V'S 

R»  =  ,Vo2t  t-;h>(C-G)+  JLi - ~~~ - - - : 

l.  g'^C  +  h*G  -i  G  )  ... 

5 


(303) 


Pc'fct-.  the  jv;  > cr  h  by  h«  m\  or  f  by  p,’  the  only  c-rnngc*  that 


»  » 

ti~  ■  it'  .  .  .  •, 


i  ?  ^ 

'  VG 

"Ag"  -  J— 


(304) 


fct?(£+  ii!  6  *  £  ) 

6  g' 

to  the  term  A  -  h'(G  -G)  in  the  energy  equation. 

We  nov?  estimate  the  relative  values  of  £,  h*  (G~g)>  and  "Ac” 
in.  about  as  unfavorable  a  case  as  can  be  found.  To  do  so  we  make  use  of 
Bennett's  fable  II,  taking  a  density  of  loading  A-^  «  0.800  gtn/cm^  and 
Bennett's  quickness  q  =  0..C750.  His  Table  II-  gives  the  value  £  =  1.44 
for  maximum  pressure.  Interpolation  in  his  Table  III  gives  the  corre¬ 
sponding  values  at  maximum  pressure:  V  =  190.1  and  £"  =  4?,&1'0;. 
Insertion  of  those  values  into  his  energy  equation  on  page  (>:)  gives 
G  ~  0.3515.  Using  C  =  1/4,  we  then  find: 


l  ~  h'(G  r  G).  -r  "At  11  =  2.374  -  0.212  +  0.335  =  2.497 
"M  thus  turns  out  to  be  14°  o,f  t  in  this  unfavorable  case. 


(305) 


Uoglect  of  the  tom  "At  ",  however,  would  not  be  so  serious 
as  such  a  calculation  would  -indicate,-  for  the  reason  that  when  we  use 
the  simpler  Equation  (295V  we  largely  compensate  for  omission  of  the 
tern  containing  rt?  by  use  of  a  different’  value  of  t)^  .  This  fact  is 

easily  seen  by  calculation  .of  i2  and  5.- r ,  Thus  since 


-  f.'  jt  -  h'(G-G)  +  "l\  "  j  V0  , 


(30S) 


vhsgre  g'  a 

"  i  •' 

iv  *  />4»203, 
we  have 

ft'  C0t3?03)(?«*iC3>  v  -•-  o.r.>c  V 

c  o 

*  *  *'* 

K*r  ?:  a  g  -g  -  1,  (G  -  5)* 

Using  a  a  0.70  v  «e  have 

r  *1 

«  =  0.4051  ;'2.0fl&  rr  0.081*  V,,  a  0.809  V_  . 

L  J  °  ° 


i  ~  Cl  +  &*(;) 
& 

0.80C 


•  ^ 
L 


'  t 


Use  of  the  less  accurate  equation  of  state  leads  therefore  to  only  1‘ 
error  in  the  free  volume  even  at  ~a:-:j;r.uri  pi’osov-x'o  with  a  high  density 
of  loading.  It  does  net  therefor i  ay  th:\  use  cf  toe  r.'re  aocvr: 
equal  lot  of  =  l-„  -r.lv;;  fit..  - 


!»John  P.  Vinti 


Glossary  of  Symbols 

(The  order  is  that  in  which  they  appear*) 

Chupicr  1 

T  c'c’ii*!- .lie  elorcd  chamber  c-xplo-.ion  tempore  lure  of  the  powder  gas. 

(°K) 

u('i)  specific  internal  energy  of  the  powder  gas  at  absolute  temperature  J. 

C  iw'th'fl  ! 

G  f:  act  of  p  1  -  burned  at  time  t 

M  \:o: ):  done  by  i;wd*.i  g..r»  at  tf.ie  t  plus  heat  loss  to  gun 

kj.  integration  constant  that  vanishes 
u(T0)  -u(T) 

c(Trt,l)  £ -  ,  mean  constant  volume  specific  heat  over 

°  V'f 

ter  pore  l  me  r-.;.'-:  T  to  T 
t  **  o 

V  jfvt  Volume*  of  ’he  „  :e.j  •:*.-'  •- . 

R^  g ccr.rM.r.f  p-r  ur.it  v.-rs 

£?  =  cT0,  mean  potential  of  the  powder  over  the  temperature  range  T0 
to  T 

■y  .=  1+R^/c,  analogous  to  ratio  of  specific  heats  in  older  theories  of 
interior  ballistics 

Z  number  of  gram  moles  per  gram  of  powder  gas,  or  pound  moles  per 
pound  of  powder  gas,  etc. 

R  universal  gas  constant  (gas  constant  per  mole) 

X  £  ZRTq,  "force"  of  the*  powder 

Q,  closed  chatbar  heat  of  formation  at  15°C*  of  unit  mass  of  the 
solid  powder  from  the  elements  at  15°C 

Qj  constant  volume  heat  of  formation  at  15°C  of  unit  mass  of  the 
powder. gas ,  the  relative  concentrations  being  as  at  chemical 

x^(T)  Kuml-cr  of  moles  ox  ith  gas  per*  unit  mass  at  absolute  temperature  T 
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U. Cl)  mo! -il  internal  energy  of  gas  i  at  absolute  temperature  T 
K(T)  :-X  ? x  •  ( "i )  !o.(V)  »  U,  (•?*.«)' 

* X  X  i  .  3* 

t'H  =  Xi(T):  -  XA(T0) 

Ax-Cj)  mole  increase  of  gas  i  in  jth  reaction  as  ’>a  ->? 

l!1  numbs.*;  c.T  >%<  .  t !.  tab*  n  ih-.o  ••.•".on  l 

Addonlm..  to  Ch-  pier  3 

us  specific  energy  of  the  solid  powder,  referred  to  the  elements 
o°K  at  aero  density  as  the  zero  level 

Chapter  IT 

t  time  from  beginning  of  motion 

.  .  .  ..  .  •  »  *  *  •  .  '  ■ 

"‘Xj  ».  1  *«-C  W  t  »*  4«Xvr-aJ  X  _  -i  it,  r  *  f  _  '  #.wV 


X 


distance,  free.  :>r>vcc-h 
or  bore 


to  an  edi  iT-^y  cro.-s-occticn 


L  length  of  powder*  chamber  (distance  from  breech  face  to  beginning 
of  bore) 


s  travel  of  projectile  With  respect  to  the  gun 
A,  mean  cross-sectional  area  of  chamber 


A’  crcas-section-l  area  of  bore 

2 

Dj  diameter  of  chamber',  first,  accurately  defined  in  Chapter  IV  by 
relation  JL  =  h-± 

diameter  of  bore,  first  accurately  defir  c-d  in  Chapter  IV  by 
relation  ~  n?  V  A? 

T  (-absolute)  temperature  of  main  body  of  gas 


7^  temperature  of  breed-,  face 

7  (x5t)  temperature  of  nails  of  cha.-.bor  and  bore 

w  r 
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temperature  ol  base  of  projectile 


coo.'  J 

’  c 

or 

h-.-'it  transTvr 

i  rc-r.i 

hoi- 

£<*s 

to  breto 

h  face 

\ 

cool } 

Jcicut 

of 

heat  transfer 

fror.i 

hot 

gas 

to  wails 

of  chamber 

anu  bore 

\ 

coeff 

iciest 

of 

beat  transfer 

from 

hot 

gas 

to.  base 

of  projectile 

Q(0 

toL  •1 

h.V.L 

)o.  ; 

C'  L  f  i  I  .0  f  l.'j' 

<  one. 

set  ( 

y'  U 

r-  gas  ui 

th  gun 

Q(  l ) 

*  V 

0  •!  0 
-cw  * 

r.v: 

% 

Qb 

loss 

to  bre 

ech 

^cw 

loss 

to  cha 

•nbei 

*  wall 

loss 

to  her 

e  v;c 

;]] 

% 

3e<  r 

to  ba 

.•  o 

irojectil- 

k  ratio  of-  heat  d o..s  Q( O  xc.  crar.slnticra!  energy  of  projectile, 
this  ratio  being,  assumed  constant 

Chapter  III 

m  mass  of  projectile 

v  velocity  of  projectile  with  respect  to  the  ground 
pa  pressure  required  to  produce  translations'!  acceleration 

W.  „o  =  l/2mv2 
trans 

*T  angle  of  rifling 


y.)V  v.  coordinates  of  point  P  on  rotating  band  (on  developed  bore) 

0  angular  coordinate  of  point  P 
-dO 

anguxar  velocity  of  projectile 
V.'j,ot  rotational  energy  of  projectile 

R  radius  cf  gyration  of  projectile 


i 

p  ^  pressure  required  to  pro,1-.*-:  c  roU  tion-J  acccOfvil  ion 

•> 

Pj,  pressure  of  driving  side  of  land  on  ridge  of  projectile 
•>■ 

f  friction  force  per1  unit  area 
l.j  unit  vector  -*r  y.  io.  1  :<.•  .•  M:y  • 

Jx-  unit  vector  along  normal  to  tangent 
M  number  of  lands  or  of  ridges 

Ty  total  frictional  force  on  rotating  band  in  direction  of  motion 
Ap  area  of  side  face  cf  a  ridge 

}'  cor " f  ’ c  *  c.-.t.  of  f;  .‘c'.iv'r:  !.  ..... 5  :•  rr’:,v. 

Fg  total  force  c;.«  tie  bast  of  the  pt-ojt  .-vile 

’  » 

Ppass  *orc-;?-rj2  resistance  per  unit  cross-sectional  area  of  project!! 
(^passive”  pressure) 

Wpass  energy  lost  in  overcoming  passive  pressure 

W’  ratio  of  K  to  1/2  wv  ,  this  ratio  being  assumed  constant, 
pfl  tan',,  if  the  law  of  friction  holds 

passive  pressure  (if  .taken  to  be  constant) 

recoil  velocity  of  gun 

e  recoil  ratio  Vj/v 

Chapter  JV 

X  distance  from  breech  face  to  base  of  projectile 

a(x)  cross-sectional  area  at  distance  x  from  breech 

mCx'1  total  volume  from  breech  face  to  cross-section  at  distance  x 

c  5  C/m 


6C 
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3  angle  -defined  in  Fig.  3 


p(>:,t)  pressure  el  lime  t  al  distance  x  f j -cv;  hre>  eh 


p(0,t)  pressure  at  tius  t  at  breech 


f  j  (x) 


= 

a(x)' 


f2(t) 


a(X) 

UK) 


u(t) 


fj.  Fanning  friction  factor  for  gas  friction 
P  (>:-)  density  of  powder  gas  alone 

uO'jj)  specific  internal  energy  of  powder  gas  at  distance  x  from  breech 
u(Tx)  mass  average  of  u’(Y  ),  interpreted  as  u(T)< 


co-vol\:-..v  o; 


ur ; 


p  volume  average  c:T  praesm  e 

H^r)  see  Eq.  (162)'  on  page  31 

HjCr)  see  Eq.  (164)  on  page  32 


c2,  constants  occurring  in  the  Leduc  equation  for  velocity  as 
a.  function  of  travel. 

s  travel  at  maximum  acceleration 

tin 

Chapter  V 

x,  regression  of  any  surface  of  the  powder  grain 
w,  vc-b  thickness 
7.  =2  x/v: 

i»0.  length  of  a  single' perforated  grain 

n  exponent  in  rate— of -burning  law 

b,  coefficient  of  pn  in  rate-of -burning  law  —  -  br>n 

dt  1 

or  coefficient  of  p  in  law  ~  =  a  +  bp 
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t 


a,  constant  tuivt  in  rate-of -burning  law 
T  ,  initial  t «\.i. v'-rotur-:?  of  so)  id  pe.;\ler 

Y^,  "w.-eh  of; »  tc.:ij>o\<;u;v  of  solid  powder 

Chapter  VI 

Fb00'  £o,*  Kq.  (33«)  on  page  3G 

l^(r)  ;  In,  (3  Du)  on  p-;o  3D 

Fv C >  )  r.c*o  Kc.  (3.97 )  on  pr.£>c  39 

•FgOr)  see  Fq.  (,207)  on  page  hi 

Fg(r)  H  r6(r)  +  P8(r) 

r,  (r)'  naontun  r.-.s ;  sea  Kg.  (212)  o:s  pern  4? 
i’t>(M  n.;,./  Kr.  (l'.:0  or;  ~2 

%  *  sir/*' 

V,  total  volume  from  breech  to  base  of  projectile  =  w(X) 

V  ,  initial  value  of  V 
o’ 

«  5  V'/Vo 

v, ,  defined  for*  constant  m  and  m„  in  Eq,  (217).  on  page  43 

t‘  ni  t* 
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b2(p)  H  rb(r)/r5 
r5 

Ye  ?  1  '■  p"  (Y“3) 

9 

n,  Roggla's  free  volume  expansion  ratio 

6,  arbitrary  va.l ue  of  G  at  some  point  in  trajectory  (probably  to  . 
be  talxn  an  3/l0 

g  ?1  -  ™  (1  +  a  G) 

£  -  1  +  —  (£-  1),  modified  expansion  r-aLio  , 

h  sJi  « 

$  g 

Ch  apt  ci1  vj  n 

i }  dr> r.i-  ■ :  v*~ :■  v: 

v,.  proper Lloiji'J it y  cor.sL.tr/.  connecting,  physic-1  ti  .a  i  and 
dimensionless  tic. a  i  by  the  relation  t  =  vt 

E,  dimensionless  energy  parameter,  coefficient  of  G9x)  in 
dimensionless  energy  equation 

P,  pressure  parameter,  proportionality  constant  occurring  in 

equation  connecting  physical  pressure  and  dimensionless  .pressure 

<n 

>  quickness,  parameters  occurring  nv  dimensionless  rate-of-burning 
Q0J  equation 

Pq  unit  pressure  in  standard  system  of  units 

X  ,  a  standard  value  of  the  ''force”'  X 

s  ■ 

(fi  ,  a  standard  value  of  the  potential 
s 

pp,  the  initial  pressure 

J (?x)-,  see  Eq ..  (271)  on  page  SH 
»R(z)  =  6!(>z)/G'(o)  * 
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0  sui'/ucc*  of  coll'd  ponder  at  time  t 
0Q,  initial  sur{<..co  of  solid  pettier 

Superscript  dots  or  prim* a  over  dimension] ess  travel  variables  denote 
derivatives  with  respect  to  t  or  i  respectively. 

Chapter  TX 

p”  M 1  i  y  lari  a  cc»el  •‘icient  Lh..l  tal.es  both  forcing  resistcinco 
and  rototion  into  account 


Chapter  X 


Q 1 ,  a  more  accurate 

expres; 

hj  -and  n-7. 

coefficients  in  ■ 

volute 

c. ' ,  »• '  t  !  1 

»  '  :  ■ ::  ' 

**  ,  ‘  ;  * 

but  / 

orr  ‘  :  it--' . 

ti.c 

free 

Vo3  . 

"AC'',  def  i 

net  in  be. 

(30H )-. 

the  ip  of  the  tore  secure  t>!  expression  for  the 


7*1 


